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ABSTRACT 


After  a  brief  review  of  theories  and  observations  of 
lee  cyclogenesis,  an  analysis  of  the  preferred  regions  for 
lee  cyclone  formation  in  Western  Canada  is  presented.  The 
question  is  raised  as  to  whether  or  not  details  in  the 
pattern  of  cyclogenesis  locations  have  a  physical  origin  or 
are  statistical  fluctuations  due  to  a  small  sample  size. 

The  bulk  of  the  thesis  involves  the  study  of  a  linear, 
hydrostatic  model  of  the  steady  flow  of  stably  stratified 
air  over  three-dimensional  mountains  with  elliptical  hori¬ 
zontal  cross-sections.  Analytical  expressions  for  the  sur¬ 
face  pressure  perturbation  are  used  to  examine  the  differ¬ 
ences  between  two-  and  three-dimensional  flows.  The  maximum 
pressure  perturbation  due  to  a  hill  with  a  circular  cross- 
section  is  about  30%  less  than  that  for  an  inf  ini tely-long 
ridge  perpendicular  to  the  mean  flow.  For  a  barrier  three 
to  four  times  as  wide  across  the  wind  as  along  the  mean 
flow,  the  assumption  of  two-dimensional  flow,  in  vertical 
planes,  leads  to  an  extreme  pressure  perturbation  differing 
from  the  three-dimensional  solution  by  only  about  10%.  For 
an  elliptical  barrier  with  an  axis  parallel  to  the  mean 
flow,  the  maximum  difference  between  the  pressure  fields 
for  two-  and  three-dimensional  flows  occurs  along  that  axis, 
rather  than  in  the  region  of  the  maximum  velocity  component 
perpendicular  to  the  mean  flow.  The  horizontal  divergence 
and  lateral  streamline  deflection  associated  with  this  vel¬ 
ocity  component  are  also  considered.  For  a  ridge  curved  in 
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a  horizontal  plane,  the  pressure  perturbation  was  found  to 
be  enhanced  on  the  convex  side  and  weakened  on  the  concave 
side . 

Within  the  context  of  the  same  linear,  hydrostatic 
model,  the  force  exerted  by  the  air  on  the  terrain  surface 
is  studied.  The  reaction  force,  or  drag,  of  a  unit  length 
of  the  barrier  on  the  flow  is  calculated  for  a  variety  of 
infinitely-extended  crosswind  ridges  and  for  isolated  three- 
dimensional  mountains  with  elliptical  horizontal  cross- 
sections.  In  addition,  the  drag  per  unit  length  is  deter¬ 
mined  for  barrier  shapes  which  have  been  smoothed  by  appli¬ 
cation  of  a  differential  operator  or  by  truncation  of  a 
spectral  series  for  the  terrain  height.  Also,  the  total 
force  exerted  on  an  elliptical  mountain  by  the  incoming 
airstream  is  found  as  a  function  of  the  barrier  eccentricity 
and  orientation.  If  the  upstream  flow  is  not  parallel  to  a 
symmetry  axis  of  the  terrain,  there  is  a  transverse  force  on 
the  air  which  can  be  an  appreciable  fraction  of  the  drag 
force  acting  in  the  direction  opposite  to  the  mean  wind. 

Finally,  the  application  of  the  linear  model  to  flow 
over  a  realistic  representation  of  the  topography  in  Western 
Canada  is  considered. 
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NOTATION 


Before  referring  to  the  list  of  symbols  that  is  given 
below,  the  reader  may  find  it  helpful  to  note  the  following 
guidelines  that  were  employed  in  choosing  the  notation  used 
throughout  the  thesis. 

For  some  of  the  most  frequently  occurring  variables,  a 
subscript,  2  or  2S,  is  used  to  denote  the  special  case  of 
two-dimensional  flow  (in  a  vertical  plane)  over  an  infinite 
ridge,  or  over  an  isolated  barrier,  respectively.  Also,  the 
subscript,  3  or  3C,  is  used  for  the  cases  of  three- 
dimensional  flow  over  barriers  with  elliptical  or  circular 
horizontal  cross-sections,  respectively.  The  subscript,  m, 
in  most  cases,  is  used  to  denote  the  magnitude  of  the 
extreme  value  of  a  variable.  Subscripts  are  also  used  to 
denote  differentiation  (see  Chapter  3).  To  simplify  the 
list  of  symbols  that  follows,  a  separate  entry  is  not 
included  for  each  subscripted  variation  of  a  quantity. 

Also,  variables  which  appear  only  in  the  intermediate  stages 
of  a  calculation  are  not  included  in  the  symbol  table.  For 
several  variables,  appearing  with  a  prime  ('),  a  corres¬ 
ponding  dimensionless  form  is  defined  without  the  prime. 

The  most  important  dimensionless  variables  are  defined  in 
Appendix  B.  In  another  context,  a  prime  denotes  a  quantity 
referred  to  a  barrier  which  has  been  rotated  from  a  standard 
position.  An  overbar  is  used  to  denote  variables  describing 
the  mean  flow.  Angular  brackets  around  a  variable,  V,  as  in 
<V> ,  are  used  to  indicate  that  the  quantity  refers  to  a  case 
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in  which  the  barrier  shape  has 
a  horizontal  plane  (Chapter  6) 


been  modified  by  curvature  in 
or  by  smoothing  (Chapter  11). 


SYMBOL 


DEFINITION 


a  -  horizontal  length  scale,  usually  along  the  x  axis 


A 


intense,  mobile  cyclone  type  (Chapter  2) 
x-z  cross-sectional  area  of  a  barrier  (Chapter  4) 
amplitude  of  sinusoidal  ridge  displacements 
(Chapter  6) 

amplitude  of  constant  factor  in  sinusoidal 
modulation  of  terrain  height  (Chapter  9) 


A  t  ,  A  2 


A 


b 


type  A  cyclone  with  one  or  two  periods  of 
intensification,  respectively 


Fourier  transform  (with  respect  to  y)  of  barrier 
cross-sectional  area 
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CHAPTER  1 


INTRODUCTION 


1  .  1  Mot i vat i on 

The  original  goal  of  my  thesis  research  was  to  improve 
our  understanding  of  lee  cyclogenesis,  the  formation  of  a 
low-pressure  center  on  the  downwind  side  of  a  mountain 
range,  through  the  technique  of  numerical  modelling.  How¬ 
ever,  like  an  airstream  approaching  a  mountain  of  finite 
length,  the  easiest  path  to  take  may  be  to  skirt  around  the 
edges  of  the  obstacle  blocking  one's  way.  The  work  sum¬ 
marized  in  this  thesis  represents  a  rather  large  deviation 
from  the  proposed  course  of  action. 

As  a  first  step  in  my  study  of  mountain  airflow,  an 
examination  was  made  of  the  statistics  compiled  by  Chung 
(1972)  on  the  frequency  of  occurrence  of  cyclogenesis  in  the 
lee  of  the  Rocky  Mountains  of  Western  Canada  as  a  function 
of  geographic  location.  As  is  discussed  in  Chapter  2,  there 
are  preferred  regions  for  cyclone  formation  which  appear  to 
be  closely  related  to  the  upstream  topography.  One  is  led 
to  consider  which  terrain  features  are  responsible  for  the 
observed  clustering  of  the  cyclogenesis  locations.  The  mean 
barrier  height  is  likely  the  most  important  factor,  but  the 
lengths  of  the  mountain  range  in  the  crosswind  and  stream- 
wise  directions,  overall  orientation  of  the  range,  terrain 
slope  and  curvature  of  the  ridge  in  a  horizontal  plane  are 
all  geometrical  parameters  that  could  be  considered. 
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Spatial  variations  in  the  roughness  of  the  terrain  surface, 
and  its  thermal  properties,  could  also  be  reflected  in  the 
preferred  positions  of  new  low-pressure  centers. 
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As  part  of  a  review  of  the  extensive  literature  on 
mountain  airflow,  calculations  were  performed  to  clarify 
some  results  of  Smith  (1980),  who  used  a  steady,  linear, 
hydrostatic  model  to  study  mountain  waves.  Exact  analytical 
solutions  were  discovered  for  the  surface  pressure  and  winds 
for  flow  over  a  three-dimensional  elliptical  hill.  Although 
this  steady-state  theory  seemed  of  little  relevance  to  the 
intrinsically  time-dependent  phenomenon  of  lee  cyclogenesis, 
it  was  decided  that  the  analytical  results  themselves  were 
sufficiently  interesting  to  pursue  further.  Note,  however, 
that  for  any  airflow  over  a  barrier,  the  pressure  field  can 
be  resolved  into  a  t ime- i ndependent  part,  produced  by  a  mean 
flow  interacting  with  the  fixed  mountain,  plus  a  time- 
dependent  'residual'  (which  may  or  may  not  be  small  compared 
to  the  time-independent  term).  Without  a  more  detailed 
knowledge,  one  might  expect  the  average  position  of  lee 
cyclone  formation  to  depend  principally  on  the  time- 
independent  part  of  the  flow.  The  results  obtained  using 
the  analytical  model  for  flow  over  an  idealized  barrier 
are  presented  in  Chapters  3  through  7.  Topics  covered 
include  the  surface  pressure  and  wind  fields,  and  the 
associated  streamline  deflection  and  horizontal  divergence. 
The  force  exerted  by  the  barrier  on  the  airstream  is  cal¬ 
culated  in  Chapters  8  through  10.  The  subject  of  Chapter  11 
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is  the  change  in  this  force  when  the  barrier  is  artifici¬ 
ally  smoothed.  In  Chapter  12,  the  model  is  applied,  in 
numerical  form,  to  flow  over  a  representation  of  the  ter¬ 
rain  of  the  Canadian  Rockies.  A  summary  and  some  sugges¬ 
tions  for  future  work  appear  in  Chapter  13.  Some  of  the 
mathematical  details  are  given  in  the  Appendices. 

1 . 2  Previous  studies  of  lee  troughs  and  cyclones 

Following  Chung  et  al.  (1976),  it  seems  reasonable  to 
define  lee  cyclogenesis  as  the  initial  formation  of  a  low- 
pressure  center  in  the  lee  of  a  mountain  range.  This  is  a 
more  restrictive  definition  than  commonly  appears  in  the 
meteorological  literature,  where  the  term  is  used  to  include 
intensification  of  a  cyclone  after  it  has  formed 
(Petterssen,  1956,  p.  50).  Speranza  (1975)  makes  the 
further  distinction  of  excluding  the  formation  of  weak,  sta¬ 
tionary  low-pressure  areas  from  the  lee  cyclogenesis 
category.  He  argues  that  such  systems  do  not  have  a 
developed  cyclonic  circulation  and,  therefore,  should  not  be 
called  cyclones.  The  flow  near  the  mountain  can  be  highly 
ageostrophic  so  the  pressure  field  may  not  be  a  good 
indicator  of  the  winds.  Although  Speranza' s  suggested 
terminology  will  not  be  used  here,  it  is  agreed  that  there 
are  different  types  of  low-pressure  areas  in  the  lee, 
including  troughs,  regions  with  closed  isobars  which  remain 
weak  and  shallow  (many  localized  with  respect  to  the 
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barrier),  and  fully  developed  mobile  cyclonic  systems 
occupying  the  entire  depth  of  the  troposphere  (Schallert, 
1962;  Chung  et  al.,  1976). 

Smith  (1979a)  outlines  some  conceptual  models  for 
explaining  the  formation  of  lee  cyclones,  including  argu¬ 
ments  based  on  potential  vorticity  (discussed  below),  the 
effects  of  friction,  flow  transience,  variation  of  the 
Coriolis  parameter  with  latitude,  and  low-level  blocking  of 
the  flow  on  the  windward  side  of  the  barrier.  Other  review 
papers,  which  deal  more  directly  with  observed  character¬ 
istics  of  lee  cyclogenesis  will  be  mentioned  later. 

One  of  the  simplest  and  most  widely  used  rationales  for 
the  observed  tendency  of  low-pressure  centers  to  develop  in 
the  lee  of  major  mountain  ranges  is  based  on  some  form  of 
potential  vorticity  equation.  Examples  include  Hess  and 
Wagner  (1948),  Bolin  (1950),  Kasahara  (1966),  and  Holton 
(1972).  For  frictionless,  adiabatic  flow  this  equation 
expresses  the  constancy  of  the  ratio  of  an  average  vertical 
component  of  absolute  vorticity  of  an  air  column,  Q,  to  the 
pressure  difference,  Ap,  between  two  surfaces  of  constant 
potential  temperature  (Petterssen,  1956,  p.  134): 


1.1) 


Q  -  C  +  f 


Here  $  is  the  relative  vorticity  of  the  air  and  f  is  the 
Coriolis  parameter  or  planetary  vorticity.  To  apply  the 
conservation  of  potential  vorticity,  assumptions  are  made 
about  how  the  depth  of  an  air  column  changes  as  it  passes 
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over  a  barrier.  Generally,  it  is  proposed  that  there  is  a 
vertical  shortening  of  the  column  immediately  above  the 
mountain,  causing  a  compensating  horizontal  divergence  (to 
conserve  mass).  The  Coriolis  force  acts  to  deflect  the 
diverging  air  (to  the  right  of  its  original  path,  in  the 
Northern  Hemisphere),  producing  an  anticyclonic  circulation 
or  reduction  in  the  (cyclonic)  vorticity.  In  the  lee  of  the 
barrier  it  is  assumed  that  an  air  column  will  be  stretched 
vertically  and  the  original  vorticity  may  be  restored.  On 
the  basis  of  such  arguments  it  has  often  been  suggested  that 
a  westerly  flow  will  be  diverted  towards  the  southeast  in 
crossing  a  mountain  range.  Smith  (1979a,  1979c),  however, 
has  indicated  that  permanent  anticyclonic  deflection  should 
not  be  present  in  some  simplified  atmospheric  models. 
Specifically,  in  a  Boussinesq  model  of  stratified  flow,  the 
mountain  influence  aloft  extends  upstream,  such  that  the 
incident  flow  is  stretched  before  it  reaches  the  barrier. 
This  causes  a  cyclonic  deflection  of  the  flow  on  the  wind¬ 
ward  side  of  the  mountain.  This  lateral  motion  is  not  shown 
in  the  discussion  by  Holton  (1972),  for  example,  but  is  a 
common  feature  of  the  real  atmosphere  (Smith,  1982).  If  the 
upstream  effect  is  included,  it  compensates  for  the  anti¬ 
cyclonic  turning  over  the  barrier  so  that  the  flow  returns 
to  its  original  direction  far  downstream.  However,  Smith 
goes  on  to  show  that  a  permanent  deflection  in  the  lee  is 
obtained  in  a  homogeneous  model  or  in  a  vertically  unbounded 
compressible  one. 
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The  way  in  which  these  ideas  have  been  applied  to  the 
effect  of  mountains  on  the  atmosphere  depends  on  the  hori¬ 
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zontal  scale  of  the  motion.  First  consider  a  relatively 
large  scale  (several  thousand  kilometres,  for  example),  such 
that  the  variation  of  the  Coriolis  parameter  with  latitude 
has  an  appreciable  effect  on  air  trajectories.  Orographic 
influences  on  this  scale  have  been  reviewed  by  Kasahara 
(1980).  Although  Sutcliffe  (1951)  has  argued  that  the 
thermal  contrast  between  continents  and  oceans  is  sufficient 
to  explain  the  mean  positions  of  planetary-scale  waves, 
early  theoretical  studies  by  Charney  and  Eliassen  (1949)  and 
Bolin  (1950)  showed  orographic  effects  to  be  important  also. 
More  recent  numerical  experiments  with  general  circulation 
models,  such  as  those  by  Manabe  and  Terpstra  (1974)  and 
Kasahara  et  al.  (1973),  have  confirmed  that  both  thermal  and 
direct  orographic  forcing  are  needed  to  explain  observed 
large-scale  features  of  the  atmosphere.  However,  Dickinson 
(1980)  cautions  that  the  relative  contributions  of  the  two 
types  of  forcing  are  'now  too  poorly  known  for  precise 
quantitative  comparisons  to  be  made'. 

Potential  absolute  vorticity  arguments  can  be  used  to 
justify  large-scale  mountain  airflow  as  a  generation 
mechanism  for  long  Rossby  waves  if  it  is  assumed  that  the 
flow  experiences  a  net  anticyclonic  turning  in  passing  the 
barrier.  In  such  a  case  a  westerly  flow  incident  on  the 
Rockies  would  acquire  a  component  towards  the  south  in  the 
lee.  To  conserve  absolute  vorticity,  the  decreasing 
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Coriolis  parameter  is  countered  by  an  increasing  relative 
vorticity  of  the  flow.  This  tends  to  deflect  the  airstream 
back  to  the  north.  The  broad  trough  over  the  eastern 
portion  of  North  America,  at  about  80°W  longitude,  that  is  a 
prominent  feature  of  the  mean  500mb  chart  (for  example,  see 
Kasahara,  1980,  or  Bolin,  1950)  could  be  qualitatively 
explained  in  this  way. 

It  is  not  clear  how  relevant  this  sort  of  argument  may 
be  to  lee  cyclogenesis  because  the  scale  of  the  trough 
generated  by  the  variation  of  the  Coriolis  parameter  with 
latitude  (the  ' /?  effect')  is  much  larger  than  that  of  the 
low-pressure  centers  initiated  in  the  lee  of  the  Rockies. 
Smith  (1979a)  comments  that  the  'restoring  force  for  Rossby 
waves  is  not  just  /?,  however,  but  the  gradient  in  the 
background  potential  vorticity'.  As  a  consequence,  the 
mountain  initiated  wave  could  have  a  shorter  wavelength  than 
for  a  uniform  flow  situation.  Also  see  Pedlosky  (1979,  pp. 
Ill,  428)  . 

Another  way  in  which  potential  vorticity  conservation 
arguments  can  be  used  in  an  attempt  to  understand  Rocky 
Mountain  lee  cyclogenesis  is  by  noting  that  a  large  fraction 
of  the  lee  cyclones  are  associated  with  a  'parent'  on  the 
windward  side  of  the  barrier  (Chung,  1972).  As  the  parent 
low  moves  on  to  the  west  coast  it  may  fill,  giving  up  some 
low-level  vorticity,  while  the  associated  upper  trough 
carries  on  across  the  barrier.  As  the  flow  is  stretched  in 
the  lee,  the  low-level  vorticity  reappears  in  the  form  of  a 
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new  low.  This  description  is  certainly  oversimplified  and 
does  not  explain  cases  in  which  the  lee  cyclone  acquires  a 
greater  intensity  than  the  parent  or  in  which  the  parent  low 
is  absent.  Also,  Chung  shows  cases  where  more  than  one  lee 
cyclone  is  associated  with  a  single  parent.  Zishka  and 
Smith  (1980)  show  areal  frequency  statistics  based  on  28 
years  of  data  for  January  cyclolysis  and  cyclogenesis  events 
in  and  near  North  America.  Their  Fig.  2  shows  a  maximum  of 
cyclolysis  frequency  (counted  in  2°  latitude  by  2°  longitude 
areas)  near  the  Washington  coast.  The  magnitude  of  this 
extremum  is  comparable  to  the  maxima  of  cyclogenesis  fre¬ 
quency  seen  in  the  Southern  Alberta  -  Montana  and  South¬ 
eastern  Colorado  regions.  However,  the  total  number  of 
cyclolysis  events  off  the  coast  appears  to  be  less  than  half 
of  the  number  of  cyclogenesis  events  in  the  western  half  of 
the  North  American  continent.  (See  Peyrefitte  and  Astling, 
1981,  for  comments  on  the  Zishka  and  Smith  paper). 

If  mechanisms  were  proposed  that  led  to  a  net  cyclonic 
vorticity  production  in  the  passage  of  an  air  parcel  over  a 
barrier,  then  it  would  be  easier  to  understand  why  the 
formation  of  low-pressure  centers  is  associated  with  moun¬ 
tain  ranges.  Smith  (1979a)  lists  blocking  of  the  windward 
flow  at  low  levels  and  the  action  of  surface  friction  as  two 
such  processes.  In  discussing  the  model  of  Buzzi  and 
Tibaldi  (1977),  which  incorporated  an  Ekman  layer  parameter¬ 
ization  of  friction,  Smith  indicates  that  the  anticyclonic 
circulation  induced  by  the  barrier  is  opposed  by  the 
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frictional  force,  leading  to  an  effective  increase  in  the 
cyclonic  vorticity.  Petterssen  (1956,  pp.  257-266) 
discusses  the  role  of  friction  as  a  source  of  vorticity  in 
surface  high-pressure  regions  but  neglects  it  in  the  section 
on  the  effect  of  mountains.  The  circulation  around  a  moun¬ 
tain  in  quasi-geostrophic  flow  is  similar  to  that  around  a 
cold-core  anticyclone  (Smith,  1979a),  so  Petterssen's 
comments  about  the  role  of  friction  in  vorticity  export  from 
the  Antarctic  are  also  relevant  here. 

Synopt ically-based  studies  of  lee  cyclogenesis  have 
concentrated  on  the  Alps  in  Europe  and  the  Rocky  Mountains 
in  North  America.  Speranza  (1975)  reviewed  some  of  the 
early  work  in  the  Alpine  region.  This  was  updated  by 
Tibaldi  (1979,  1980)  to  include  results  of  numerical 
modelling  efforts  to  simulate  cyclogenesis.  A  more  complete 
discussion  of  one  particular  modelling  attempt  is  given  by 
Tibaldi  et  al.  (1980).  McGinley  (1982)  presents  a  recent 
diagnostic  study.  Further  results  may  be  forthcoming,  based 
on  analysis  of  data  from  the  Alpex  Subprogram  of  the  Global 
Atmospheric  Research  Program. 

A  typical  case  of  Alpine  lee  cyclogenesis  occurs  in 
conjunction  with  a  well-developed  upper  trough  and  associ¬ 
ated  surface  cold  front  approaching  the  Alps  from  the  north¬ 
west.  The  interaction  of  this  system  with  the  mountains 
occurs  in  a  two-step  process.  In  the  first  stage  there  is  a 
localized  increase  in  low-level  vorticity  in  the  lee.  In 
the  second  stage,  the  continuing  advance  of  the  upper  trough 
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causes  its  associated  positive  vorticity  advection  and 
divergence  regions  to  overtake  the  initial  orographic  dis¬ 
turbance.  The  surface  low  then  develops  by  baroclinic 
processes  in  a  manner  similar  to  storms  which  are  not 
directly  influenced  by  mountains.  Fons  (1979)  illustrates 
various  synoptic  situations  that  can  lead  to  cyclogenesis  in 
the  Alpine  region.  For  further  details  on  lee  development 
sequences  the  articles  previously  mentioned  should  be 
consulted . 

The  initial  formation  of  a  low  in  the  lee  of  the  Alps 
and  its  relation  to  blocking  of  the  low-level  cold  air  is 
partially  explained  by  Tibaldi  (1980).  He  presents  a 
diagnostic  relation  between  the  temperature,  T,  and  the  geo- 
strophic  relative  vorticity,  $g : 


-Z-  =  Jv2T 

31np  f  V  * 


(1.2) 


Here  p  is  the  pressure,  f  is  the  Coriolis  parameter  and  R  is 
the  gas  constant.  The  Laplacian  on  the  right  side  of  (1.2) 
includes  only  horizontal  derivatives  taken  at  constant  pres¬ 
sure.  This  equation  can  be  derived  by  taking  the  curl  (at 
constant  pressure)  of  the  thermal  wind  relation  given  by 
Holton  (1972,  p.  49).  Because  there  is  a  relative  maximum 
of  temperature  in  the  lee  at  low  levels  (caused  by  the 
deflection  of  the  cold  air  to  the  sides  of  the  convex  face 
that  the  Alps  present  to  the  incident  flow),  V2T<0  in  this 
region  and  decreases  with  height.  Eq.  (1.2)  then  implies 
that  the  geostrophic  vorticity  increases  with  pressure.  This 


is  consistent  with  the  existence  of  a  shallow  low-pressure 
system  in  the  lee.  Note,  however,  that  the  argument  is  only 
qualitative  because  the  flow  can  be  highly  ageost rophic . 

For  example,  Newton  (1956)  found  for  an  intense  cyclogenesis 
case  in  the  lee  of  the  Rockies,  that  the  vorticity  computed 
from  the  actual  surface  winds  was  only  about  one-sixth  that 
obtained  geostrophically . 

Now  consider  research  on  North  American  lee  cyclo¬ 
genesis.  Palmen  and  Newton  (1969)  have  summarized  some  of 
the  early  work  (including  Hess  and  Wagner,  1948,  and  others) 
on  this  phenomenon  by  describing  a  typical  development 
sequence,  appropriate  for  a  relatively  intense  lee  cyclone 
case.  As  with  the  Alpine  case,  this  conceptual  model  has 
two  phases.  First,  a  'parent'  cyclone  in  the  Pacific 
approaches  the  coast  and  begins  to  fill  as  it  is  deflected 
northward.  Flow  from  the  southeast  quadrant  of  this  low 
passes  over  the  mountains,  generating  or  strengthening  a 
shallow  lee  trough.  McClain  (1960)  attributes  an  important 
role  in  forming  this  trough  to  compress i ona 1  warming  due  to 
adiabatic  descent  below  700mb.  Newton  (1956)  has  found 
that  friction  can  also  act  to  increase  the  low-level  circu¬ 
lation  during  the  initial  hours  of  lee  cyclone  development. 
Godson  (1948)  also  briefly  discusses  lee  trough  formation. 
Carlson  (1961)  has  attempted  to  describe  the  thermal  ridges 
connected  with  these  low-pressure  areas  using  an  equivalent 
barotropic  model.  Note  that  the  area  of  relatively  warm 
surface  air  is  initially  closely  tied  to  the  topography,  but 
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may  subsequently  be  broadened  towards  the  east  by  advection. 
Even  so,  the  width  of  the  trough  is  hundreds  of  kilometres 
rather  than  the  thousands  that  would  be  appropriate  for  the 
topographically  induced,  continental-scale  Rossby  wave  men¬ 
tioned  earlier. 

In  the  second  stage  of  development,  an  area  of  upper- 
level  divergence  ahead  of  an  advancing  upper  cold  low  or 
trough  (originally  associated  with  the  parent  low)  crosses 
into  the  lee.  Because  the  low-level  baroclinic  zone  (lee 
trough)  is  held  quasi-stat ionary  (Hage,  1961)  through  its 
tie  to  the  topography,  it  is  overtaken  by  the  upper  system 
and  further  development  can  occur.  The  overall  process  is 
rather  similar  to  the  Alpine  case,  except  for  the  manner  in 
which  the  initial  low-level  circulation  develops. 

In  many  cases  the  upper-level  divergence  can  be 
identified  with  a  region  of  positive  vorticity  advection 
(for  example,  if  the  air  speed  is  much  greater  than  the 
speed  of  movement  of  the  vorticity  pattern  (Petterssen, 

1956,  p.  302)).  In  such  an  instance  lee-side  development  as 
just  described  is  a  realization  of  the  Petterssen  hypothesis 
(Petterssen  et  al.,  1955  and  Petterssen,  1955),  which 
relates  the  occurrence  of  surface  cyclogenesis  in  a 
baroclinic  zone  to  the  approach  of  a  region  of  positive  vor¬ 
ticity  advection  aloft.  However,  Schallert  (1962)  and  Chung 
(1972)  have  indicated  that  there  is  a  class  of  relatively 
weak,  short-lived,  orographic  disturbances,  comprising  a 
significant  fraction  of  all  lee  cyclones,  which  form  without 
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a  direct  association  with  an  advancing  upper  trough.  In  one 
of  the  few  attempts  at  numerical  modelling  of  airflow  over 
the  Rocky  Mountains  (excepting  operational  weather  pre¬ 
diction)  Egger  (1974)  concluded  that  in  his  simulation  of  a 
relatively  weak  case  of  cyclogenesis  in  the  lee  of  a  highly 
idealized  barrier,  the  vorticity  advection  aloft  played  a 
small  role.  Also,  note  that  in  a  sample  of  lee  cyclones 
studied  by  Hovanec  and  Horn  (1975),  those  with  a  lifetime 
greater  than  72  hours  displayed  a  statistically  significant 
correlation  with  the  wind  speed  at  300mb,  whereas  shorter- 
lived  lows  did  not.  Jurcec  (1981)  advocated  the  study  of 
weak,  shallow  cyclones  in  the  lee  of  the  Alps.  Previous 
investigators  have  tended  to  concentrate  on  the  more  intense 
cases . 

There  are  many  other  aspects  of  lee  cyclogensis 
research  that  have  not  yet  been  mentioned.  Some  references 
are  listed  here  for  those  who  would  like  to  pursue  the 
subject  further.  Papers  dealing  specifically  with  the 
frequency  and  positions  of  occurence  of  lee  cyclogenesis  are 
considered  in  Chapter  2.  Fawcett  and  Saylor  (1965)  studied 
the  precipitation  and  severe  weather  associated  with 
Colorado  cyclogenesis  events.  Hage  (1961)  and  Chung  (1977b) 
examined  structural  changes  in  upper  cold  lows  as  they  pass 
over  a  mountain  barrier.  Chung  and  Reinelt  (1973)  and 
Vickers  (1975)  found  about  80%  of  lee  cyclogenesis  events 
are  associated  with  difluent  upper  flow  patterns.  Charette 
(1971),  Hopkinson  (1972)  and  Schram  (1974)  have  done 
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diagnostic  studies  of  orographically  induced  vertical 
motion.  Because  of  the  frequent  association  of  chinook 
(foehn)  conditions  with  lee  cyclogenesis  (for  example,  see 
McClain,  1960)  much  of  the  literature  on  chinook  airflow  may 
be  relevant  to  the  study  of  lee  troughs  and  the  initial 
stages  of  lee  cyclone  formation.  Examples  include  McClain 
(1952),  Cook  and  Topil  (1952),  Brinkmann  and  Ashwell  (1968), 
and  Lester  (1976). 

The  steady,  linear,  hydrostatic  airflow  model  which  is 
the  basis  for  most  of  this  thesis  includes  the  adiabatic 
compression  mechanism  thought  to  be  important  for  the  main¬ 
tenance  of  a  small-scale  lee  trough.  However,  because  of 
the  use  of  the  Boussinesq  approximation  and  the  neglect  of 
the  Coriolis  force,  it  can  be  shown  that  the  vertical  compo¬ 
nent  of  vorticity  is  zero  everywhere  in  the  model  (see 
Chapter  3).  Therefore,  the  model  cannot  be  used  to  describe 
a  lee  cyclone  as  defined  by  Speranza  (1975),  since  he 
requires  the  presence  of  cyclonic  vorticity.  It  might  be 
used,  however,  to  give  a  qualitative  indication  of  some 
features  of  a  standing  lee  trough. 


CHAPTER  2 


LEE  CYCLOGENESIS  FREQUENCY  PER  UNIT  AREA 
2 . 1  Counts  of  lee  cycloqenesis  events 

Numerous  papers  have  been  published  giving  positions  or 
counts  of  low-pressure  centers  or  cyclogenesis  events  in  a 
given  region.  The  results  of  Petterssen  (1956),  based  on 
daily  surface  analyses  for  the  years  1899  through  mid-1939, 
are  among  the  most  comprehensive  and  widely  quoted.  He 
found  that  there  exist  preferred  locations  for  cyclone 
formation,  which  he  explained  with  reference  to  orographic 
influences,  among  others.  Petterssen  grouped  his  data  to 
show  areal  density  of  cyclogenesis  frequency  in  the  winter 
and  summer  seasons  only.  Klein  (1957)  extended  these 
results  by  showing  a  month  by  month  analysis  based  on  the 
years  1909-1914  and  1924-1937.  In  general  terms,  it  was 
found  that  the  regions  of  formation  of  both  highs  and  lows 
are  farthest  north  in  August  and  farthest  south  in  February. 
Cyclogenesis  is  found  in  the  lee  of  barriers  while  anti¬ 
cyclogenesis  is  associated  with  the  higher  terrain  itself. 
Klein  presents  a  detailed  bibliography  of  earlier  work  on 
the  tracks  of  pressure  centers  and  their  points  of  origin. 

While  Petterssen  and  Klein  analyzed  data  for  the  whole 
Northern  Hemisphere,  recent  work  has  concentrated  on  more 
limited  regions,  and  in  many  cases  a  much  more  limited  time 
period  also.  Radinovic  (1965)  counted  cyclone  formations  in 
a  portion  of  Europe.  Chung  (1977a)  has  studied  cyclogenesis 
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in  the  lee  of  the  Andes.  Chung  et  al.  (1976)  present 
results  for  East  Asia  and  the  lee  side  of  the  Canadian  Rocky 
Mountains.  The  latter  area  has  also  been  considered  by 
Vickers  (1975).  Reitan  (1974)  presented  maps  of  cyclo¬ 
genesis  frequency  per  unit  area  for  North  American  cases  for 
five  different  months  of  the  year.  Schallert  (1962)  and 
Hovanec  and  Horn  (1975)  show  the  positions  of  formation  for 
a  number  of  'Colorado'  lows  (including  those  found  in 
several  other  states  to  the  south  and  east  of  Colorado).  In 
a  recent  paper,  Zishka  and  Smith  (1980)  claim  that  there 
has  been  a  significant  decrease  in  the  number  of  cyclones 
and  anticyclones  in  and  near  North  America  during  the 
28-year  period  (ending  in  1977)  included  in  their  study.  It 
has  subsequently  been  pointed  out,  by  Peyrefitte  and  Astling 
(1981),  that  the  data  set  used  by  Zishka  and  Smith  is  not  a 
homogeneous  one.  Apparently,  during  the  first  five  years  of 
the  period  studied,  the  surface  pressure  fields  were  ana¬ 
lyzed  at  an  interval  of  3mb,  rather  than  the  4mb  used  later. 
Zishka  and  Smith  (1981)  remain  unconvinced  that  this  is 
sufficient  to  explain  the  trend  in  the  number  of  pressure 
centers  that  they  reported. 

Besides  this  unresolved  problem,  there  are  other  ob¬ 
stacles  to  comparing  the  different  results  on  cyclogenesis 
frequency  and  its  areal  density.  For  example,  the  synoptic 
analyses  on  which  Radinovic  based  his  results  were  at  a  5mb 
resolution,  Chung  used  2 . 5mb  for  his  Asian  studies  but  2mb 
for  North  America,  while  Schallert  used  a  Imb  interval. 
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Another  source  of  difference  arises  from  the  temporal  reso¬ 
lution  in  the  data  sets.  Petterssen  and  Klein  had  access  to 
only  one  map  per  day,  whereas  in  many  of  the  other  studies 
four  maps  were  available.  Chung  (1972)  reports  that  he 
referred  to  maps  analyzed  at  3  hour  intervals  on  occasion. 

A  lack  of  temporal  resolution  would  tend  to  smear  out  the 
observed  maxima  in  cyclogenesis  frequency  per  unit  area 
because  of  motion  of  the  cyclones  in  the  intervals  between 
their  formation  and  the  succeeding  map  time.  Vickers  (1975) 
suggested  this  as  a  possible  explanation  of  differences 
between  his  results  and  those  of  Chung  (1972).  It  seems 
likely  that  the  different  resolutions  used  in  the  pressure 
field  analyses  (4mb  for  Vickers  and  2mb  for  Chung)  would 
also  have  contributed  to  the  larger  spatial  scale  character¬ 
istic  of  the  cyclogenetic  regions  found  by  Vickers. 

Two  other  sources  of  difficulty  in  the  quantitative 
comparison  of  the  various  research  results  are  the  subject 
of  this  chapter.  The  first  of  these  is  related  to  the  size 
of  the  areas  within  which  the  cyclogenesis  counts  are  made. 
For  example,  Klein  (1957)  counted  cyclogenesis  events  in 
quadrangles  defined  by  latitude  circles  and  meridians, 
averaging  about  200,000  km2,  Reitan  (1975)  and  Chung  (1972) 
used  regions  of  about  550,000  km2  and  28,000  km2,  respec¬ 
tively.  If  the  sampling  area  is  too  large  the  resulting 
fields  of  cyclogenesis  frequency  per  unit  area  will  be  too 
smooth.  As  a  consequence,  potentially  useful  information 
could  be  lost.  Although  the  cyclogenesis  frequency  per  unit 
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area  will  not  be  calculated  in  quite  the  same  manner  as  in 
the  studies  mentioned,  it  will  be  shown,  at  least  for  rela¬ 
tively  small  sample  sizes,  that  the  degree  of  smoothing  has 
an  appreciable  effect  on  the  magnitude  of  the  areal  density 
of  cyclogenesis  frequency. 

The  second  idea  to  be  explored  in  this  chapter  is 
whether  or  not  different  types  of  low-pressure  systems  show 
distinct  preferred  regions  of  formation.  There  has  been  a 
tendency  in  previous  studies  to  ignore  some  types  of  lows. 
For  example,  because  Klein  (1957)  was  primarily  interested 
in  the  tracks  of  mobile  cyclones,  lows  judged  to  be 
'thermal'  were  excluded  from  his  analyses.  Speranza  (1975) 
and  others  have  distinguished  between  weak  low-pressure 
centers  which  tend  to  remain  almost  fixed  with  respect  to  a 
mountain  barrier  and  more  vigorous  mobile  cyclones. 

Schallert  (1962)  identified  four  types  of  lee  cyclone  on  the 
basis  of  their  maximum  intensity  (weak,  moderate,  or 
intense)  and  mobility  with  respect  to  the  lee  region  of  the 
Colorado  Rocky  Mountains  (migratory  or  local).  Mobile 
cyclones  which  acquired  'moderate'  or  greater  intensity  were 
designated  as  type  A.  This  group  was  further  subdivided 
into  types  At  and  A2,  according  to  whether  there  was  a 
single  period  of  intensification  or  two  periods,  respec¬ 
tively.  A  few  type  A  cyclones  could  not  be  clearly  placed 
in  either  the  A,  or  Az  category.  Type  B  cyclones  were 
defined  as  those  of  moderate  intensity  which  remained  local. 
Weak  lows  were  labelled  C  or  D  according  to  whether  they 
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were  migratory  or  local,  respectively.  Schallert  concen¬ 
trated  his  efforts  on  the  A  and  B  type  cyclones,  finding  a 
clustering  of  the  positions  of  type  A2  lows  at  the  time  of 
onset  of  the  first  period  of  intensification  and  in  the 
positions  of  type  B  lows.  He  attributed  this  localization 
to  orographic  influences.  Chung  (1972),  in  his  analysis  of 
cyclones  in  the  lee  of  the  Canadian  Rockies  also  used  the 
classification  scheme  of  Schallert.  Chung  included  all  lows 
having  a  closed  isobar  lasting  at  least  24  hours  on  consecu¬ 
tive  maps  at  6  hour  intervals  assuming  that  the  surface 
pressure  was  analyzed  at  a  2mb  resolution.  Because  he 
included  maps  showing  the  positions  of  formation  for  all  the 
cyclone  types,  it  was  possible  to  use  Chung's  data  to 
examine  differences  between  the  types. 


2 . 2  Smoothing  contour  maps  of  cyclogenesis  frequency  per 

unit  area 

In  this  section,  a  method  is  presented  for  constructing 
maps  of  cyclogenesis  frequency  per  unit  area  which  differs 
from  the  traditional  method  of  counting  cyclogenesis  events 
on  a  grid.  The  procedure  is  then  applied  to  study  the 
effect  of  smoothing  on  the  cyclogenesis  frequency  per  unit 
area . 

Assume  that  an  estimate  of  the  position  of  each  cyclo¬ 
genesis  event  in  a  given  unit  time  is  known.  The  location 
of  the  ith  event  is  specified  as  t±  =  (0i,Xi),  where  <p  i  is 
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latitude  and  X  is  longitude.  Because  of  uncertainty  in 
determining  the  location  of  a  lee  cyclone,  the  new  low  may 
not  have  formed  precisely  at  r. .  For  the  purpose  of  con¬ 
structing  a  map  of  the  cyclogenesis  frequency  per  unit  area, 
it  is  convenient  to  assume  that  there  is  a  finite  prob¬ 
ability  that  the  cyclogenesis  event  actually  occurred 
within  a  circle  of  radius  e  about  r  .  I  f  17  is  the  number  of 
cyclogenesis  events  per  unit  area  per  unit  time  at  the  point 
r,  it  is  assumed  to  be  representable  in  the  form 


where 
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(2.2) 


is  a  convenient,  but  otherwise  arbitrarily  chosen  proba¬ 
bility  density  function  used  to  describe  the  precision  with 
which  an  individual  cyclogenesis  event  can  be  located. 

0(e-d)  =  1  if  d< e  and  0  otherwise.  The  parameter  v  was 
introduced  to  increase  the  flexibility  of  the  definition  of 
17.  If  then  the  cyclone  position  is  known  with  infinite 

precision.  For  decreasing  v  the  distribution  becomes  pro¬ 
gressively  broader.  For  the  maps  to  be  presented  in  the 
following,  v=2  was  used.  Except  for  the  normalization 

factor,  the  form  of  1?  is  the  same  as  the  function  plotted 

i 

in  Fig.  19  in  Chapter  9.  The  normalization  chosen  in  (2.2) 
ensures  that  the  integral  of  17  over  a  circle  of  radius  e  is 
unity,  that  is,  cyclogenesis  event  i  is  'counted'  only  once. 
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Note  that  the  functional  form  of  77 #  is  taken  to  be  indepen¬ 
dent  of  i  . 

This  representation  for  77  was  chosen  on  the  basis  of 
simplicity,  not  on  detailed  knowledge  of  the  uncertainties 
of  position  involved.  In  fact,  the  distribution  of  position 
about  r_^  is  probably  not  circularly  symmetric  for  points 
near  the  barrier  because  of  the  tendency  for  lows  to  form  on 
the  lee  side  and  to  move  southeastward  thereafter.  Further¬ 
more,  the  precision  with  which  a  lee  cyclone  can  be  identi¬ 
fied  and  located  depends  on  the  spatial  arrangement  of 
the  observing  stations  and  the  resolution  at  which  the  sur¬ 
face  pressure  analysis  is  completed.  An  estimate  of  a 
typical  distance  between  observing  stations  in  South-central 
Alberta  is  150  km  to  200  km,  but  is  substantially  larger  in 
the  northern  half  of  the  province.  One  might  argue  that  e 
should  be  increased  in  regions  of  low  station  density.  The 
definition  of  77  by  (2.1)  and  (2.2)  should  be  regarded  as  an 
artifice  to  smooth  the  scattered  cyclogenesis  locations  so 
that  clustering  of  the  points  can  be  seen  more  clearly.  As 
already  stated,  it  is  not  a  representation  firmly  based  on 
the  nature  of  the  uncertanties  in  identifying  the  positions 
of  lee  cyclones. 

By  expressing  r  =(<p,\)  and  r^  =  ((p±f\±)  in  terms  of 
Cartesian  components  in  a  coordinate  system  established  at 
the  center  of  the  Earth,  for  example,  one  can  show  that 

jr-r^l  =  (cos(A-A^)cos<J>cos<f>^  +  sin^sin^)  , 


(2.3) 


22 


where  R  is  the  radius  of  the  Earth.  An  alternative  would 
e 

be  to  use  the  distance  from  r  to  r^  along  the  curved  surface 
of  the  Earth,  but  this  would  result  in  a  negligible  change 
for  the  small  inter-point  distances  involved  here.  Given 
(<p one  can  substitute  (2.3)  into  (2.1)  to  obtain  the 
cyclogenesis  frequency  per  unit  area,  i) ,  at  an  arbitrary 
point,  r.  In  actual  application  to  the  maps  presented  in 
this  chapter,  rj  was  calculated  at  points  corresponding  to  a 
uniform  grid  on  a  polar  stereographic  projection  map,  true 
at  60°N  latitude.  The  Surface  II  Graphics  Package  (Sampson, 
1978)  was  used  for  all  the  figures  requiring  contouring  in 
this  thesis. 

To  test  the  effect  of  varying  the  parameter  e  (which 
controls  the  degree  of  smoothing  of  the  i?  field),  the 
preceding  analysis  was  applied  to  the  data  of  Chung  (1972). 
Chung's  data  includes  146  cyclones  seen  in  a  one-year  period 
(1958)  in  the  lee  of  the  Rocky  Mountains  in  Canada  and 
Montana,  including  representatives  of  all  of  Schallert's 
types.  Positions  of  cyclone  initiation  were  measured  from 
Chung's  Figs.  12  and  13.  Some  discrepancies  were  found  in 
the  positions  of  several  type  A,  cyclones  between  Chung's 
Figs.  12  and  14,  amounting  to  2°  of  latitude  in  the  worst 
case.  Comments  to  follow  would  not  be  changed  had  the 
alternative  positions  been  used. 

In  Fig.  1,  the  number  of  lee  cyclones  formed  per  unit 
area  per  unit  time,  i) ,  is  compared  for  €  =  200  km  (Fig.  la) 
and  e=300  km  (Fig.  1b),  both  with  v=2.  The  contour  interval 
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Figure  1.  Contour  maps  of  cyclogenesis  events  per  unit  area  per  unit  time,  in 
units  of  lO'11  km  2  yr~\  for  the  smoothing  radius,  e  =  200  km  (Fig.  la)  and  e  =  300  km 
(Fig.  1b).  The  contour  interval  is  0.5  units.  Individual  cyclogenesis  events  are 
marked  by  the  small  circles  (146  cases). 
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is  0.5,  in  units  of  10'“  kirr 2  yr'1.  Positions  of  individual 
cyclones  are  marked  with  small  circles.  Chung  used  a  unit 
area  of  (1.5°  latitude)2  —  2.78x10“  km2  so  that  numerical 
values  obtained  from  Chung's  Fig.  11  should  be  divided  by 
2.78  before  comparison  with  Fig.  1  here.  Chung's  results 
are  similar  to  those  presented  in  Fig.  1,  although  using 
e=150  km  gives  a  closer  match  to  his  numerical  values. 

Also,  because  of  the  unrealistic  circular  symmetry  of  the 
assumed  probability  distribution  near  the  Continental 
Divide,  the  contours  on  the  maps  presented  here  extend  too 
far  to  the  west  near  the  barrier. 

Examining  Fig.  la,  it  is  seen  that  there  are  separate 
maxima  in  the  lee  of  the  Mackenzie  Mountains  directly' to  the 
west  of  Great  Bear  Lake,  in  Northeastern  British  Columbia, 
in  South-central  Alberta,  in  Southern  Alberta  and  in 
Montana.  Increasing  the  smoothing  parameter,  e,  to  300  km, 
as  in  Fig.  1b,  leaves  only  the  Northeastern  B.  C.  and 
Southern  Alberta  maxima  well  defined  by  the  contours.  The 
magnitude  of  the  Southern  Alberta  maximum  has  been  signifi¬ 
cantly  decreased  by  the  increase  in  e  but  that  of  the  one  in 
Northeastern  B.  C.  is  more  nearly  maintained.  This  is  an 
indication  of  the  relatively  large  length  scale  character¬ 
izing  the  cyclogenesis  positions  in  B.  C.  and  Northern 
Alberta  compared  to  the  stronger  clustering  seen  in  Southern 
Alberta.  To  see  the  effect  on  17  of  changing  e  in  a  more 
quantitative  manner  refer  to  Table  1,  which  shows  the  values 
of  the  relative  maxima  in  some  of  the  regions. 
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Table  1.  Relative  maxima  of  cyclogenesis  frequency  per  unit 
area,  t? ,  in  events  per  year  per  (100  km)2,  as  a  function  of 
the  smoothing  parameter,  e,  by  region. 


e 

( km) 

Mackenzie 

Northeastern 
B.  C. 

South-central 

Alberta 

Southern 

Alberta 

100 

4.2 

3.2 

7.1 

8.0 

150 

2.7 

2.6 

4.  1 

5.0 

200 

1.8 

2.0 

3.0 

3.6 

300 

1.0 

1.5 

1.8 

2.4 

The  table  illustrates  that  the  magnitude  of  cyclo¬ 
genesis  frequency  per  unit  area  is  strongly  dependent  on  the 
value  of  e.  This  sensitivity  is  likely  a  reflection  of  the 
small  number  of  data  points  on  which  the  calculation  is 
based.  This  leads  to  excessively  high  values  of  t?  for  small 
6.  Except  possibly  in  Northeastern  B.  C.,  the  7?  values  may 
be  too  small  for  e=300  km  because  this  smoothing  length  is 
comparable  to  the  length  scale  characterizing  the  clustering 
in  the  data.  As  a  compromise,  the  value  e=200  km  was  used 
for  the  remainder  of  the  plots  in  this  chapter.  Besides  the 
general  decline  of  the  maximum  tj  values  as  e  increases,  note 
from  Table  1  that  the  Mackenzie  maximum  is  larger  than  that 
in  Northeastern  B.  C.  for  e<150  km,  but  is  smaller  for  e£200 
km.  Thus  one  cannot  make  a  one-to-one  correspondence 
between  the  maximum  t?  values  and  the  barrier  heights,  for 


- 
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example.  A  significantly  larger  data  sample  might  be  useful 
in  finding  relations  between  the  pattern  of  preferred  loca¬ 
tions  for  cyclogenesis  and  terrain  shape  features. 

2 . 3  Lee  cycloqenesis  frequency  maps  for  special  classes  of 

lows 

The  maps  of  the  areal  density  of  cyclogenesis  frequency 
in  Fig.  1  include  all  the  cyclones  in  Chung's  (1972)  sample. 
Some  results  obtained  by  partitioning  the  cyclones  according 
to  Schallert's  (1962)  types  will  now  be  presented.  All  the 
maps  in  this  section  were  constructed  using  v-2  and  e=200  km 
in  (2.2).  In  Fig.  2,  a  comparison  is  made  between  the 
cyclogenesis  frequency  per  unit  area  for  the  mobile  cyclones 
(types  A  and  C)  and  the  local  lows  (types  B  and  D) . 

Fig.  2a,  showing  the  109  mobile  cases,  is  very  similar  in 
appearance  to  the  map  in  Fig.  la.  Each  maximum  seen  in 
Fig.  2a  has  a  corresponding  one  in  Fig.  la,  but  with  a 
reduced  magnitude  (especially  the  Southern  Alberta  maximum). 
On  the  other  hand,  Fig.  2b,  showing  the  37  lows  that 
remained  in  the  lee  of  the  barrier,  is  quite  different  in 
appearance.  The  only  regions  with  a  significant  number  of 
lows  of  the  local  type  are  the  Northeastern  B.  C.  and 
Southern  Alberta  areas.  Note  that  the  contour  interval  in 
Fig.  2b  is  half  that  of  Fig.  2a.  Based  on  the  number  of 
cyclones  that  appear  in  the  South-central  and  Southern 
Alberta  clusters  in  Fig.  la  (about  20  and  30  lows,  respec¬ 
tively,  out  of  the  sample  of  146),  one  would  expect  about  5 
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lows  in  South-central  Alberta  and  7  or  8  in  Southern  Alberta 
in  Fig.  2b.  The  actual  counts  in  this  figure  are  about  2 
and  13,  respectively. 

The  lee  cyclones  were  classified  in  one  additional  way. 
Although  he  did  not  explicitly  define  the  terms,  Chung 
(1972)  makes  a  distinction  between  lee  cyclones  that  are 
associated  with  a  'parent'  low  on  the  upstream  side  of  the 
barrier  and  those  which  seem  to  be  independent  developments. 
On  his  Figs.  14  through  17,  trajectories  are  shown  for  the 
parent  lows.  Cases  for  which  Chung  did  not  include  an 
upstream  trajectory  were  classified  as  being  without  a 
parent  cyclone.  Examination  of  upper-air  charts  for  the 
no-parent  cases  showed  that  the  development  of  some  of  these 
lows  occurred  in  association  with  travelling  waves  aloft. 
Apparently,  however,  the  influence  of  these  mid-level  dis¬ 
turbances  was  not  great  enough  to  be  detectable  at  the 
surface  on  the  upstream  side  of  the  barrier.  Of  the  34 
no-parent  cases  identified  from  Chung's  data,  18  became 
migratory  (9  of  type  A,  and  9  of  type  C),  but  no  detailed 
check  was  made  to  see  if  this  motion  was  tied  to  the 
approach  of  an  upper-level  wave.  Of  the  mobile  no-parent 
cases  that  acquired  appreciable  intensity  (the  A ,  cases),  6 
of  these  occurred  north  of  60°N,  but,  as  yet,  no  particular 
significance  has  been  attached  to  this. 

The  cyclogenesis  frequency  per  unit  area  is  shown  in 
Figs.  3a  and  3b  for  the  112  with-parent  cases  and  34 
w i thout-parent  cases,  respectively.  Again  note  that  the 
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Figure  3.  As  in  Fig.  2,  except  for  cyclones  with  an  upstream  parent  (Fig.  3a 
112  cases)  and  without  a  parent  (Fig.  3b  -  34  cases). 
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contour  interval  is  not  the  same  for  the  two  parts  of  the 
figure.  Even  more  clearly  than  in  Fig.  2,  the  main  feature 
that  stands  out  as  a  result  of  the  classification  of  the 
cyclones  is  the  lack  of  a  South-central  Alberta  maximum  in 
the  second  half  of  the  figure.  Instead  of  the  4  or  5  lows 
that  might  be  expected  in  this  region  on  the  basis  of  the 
proportion  of  no-parent  lows  to  the  total  sample,  no  lows 
appear . 

Chung  (1972)  has  expressed  the  opinion  that  the  maxima 
of  lee  cyclogenesis  frequency  in  the  South-central  and 
Southern  Alberta  regions  would  probably  merge  given  a  larger 
data  set.  The  results  presented  here,  however,  showing  an 
unusual  distribution  of  the  local  and  no-parent  types  of  lee 
cyclones,  suggest  that  a  closer  look  is  warranted  into  the 
question  of  whether  the  separation  into  two  maxima  has  a 
demonstrable  physical  basis.  There  are  many  factors  which 
might  contribute  to  a  spatial  variation  in  cyclogenesis  fre¬ 
quency,  including  differences  in  surface  friction,  upstream 
terrain  shape,  and  thermal  effects.  The  upstream  barrier 
profile  is  examined  in  Chapter  12  but  no  definite  answer  to 
the  question  considered  here  comes  out  of  that  analysis. 

With  regard  to  thermal  influences,  note  that  Southeastern 
Alberta  is  significantly  warmer  (McKay,  undated)  and  remains 
snow-free  for  a  greater  proportion  of  the  winter  season  than 
the  central  part  of  the  province.  These  factors  would 
favour  the  maintainence  of  weak  thermal  lows  in  Southeastern 
Alberta  through  surface  heating  effects.  Note,  however, 
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that  if  the  separation  of  the  frequency  maxima  is  not  an 
artifact  of  the  small  sample  size  then  an  explanation  may  be 
required  for  both  the  large  number  of  no-parent  and  local 
lows  in  Southern  Alberta  and  the  unexpectedly  low  number  in 
the  South-central  region. 

It  is  hoped  that  future  students  will  take  up  the  task 
of  clarifying  these  issues.  It  is  recomended  that  particu¬ 
lar  attention  be  paid  to  identifying  the  positions  of  lee 
cyclones  as  early  as  possible  in  their  lifecycle.  The  time 
of  day  that  a  low-pressure  area  first  appears  is  a  poten¬ 
tially  useful  datum,  especially  in  the  cases  of  weak  lows, 
where  solar  heating  or  tidal  influences  could  be  important. 
An  objective  definition  of  whether  or  not  a  lee  development 
is  associated  with  a  parent  low  would  be  helpful.  It  might 
prove  necessary  to  classify  the  lows  according  to  the  degree 
of  association  with  an  upstream  system.  More  emphasis  on 
cyclolysis  on  the  windward  side  of  the  barrier  could  ulti¬ 
mately  provide  insight  into  cyclogenetic  processes  in  the 
lee . 


CHAPTER  3 


A  STEADY,  LINEAR,  HYDROSTATIC,  AIRFLOW  MODEL 
3 .  1  Introduction 

The  research  summarized  in  the  remainder  of  this  thesis 
was  motivated  by  a  recent  paper  by  Smith  (1980).  He  applied 
linear,  hydrostatic  theory  to  the  flow  of  stratified  air 
over  a  mountain  having  a  circular  horizontal  cross-sect  ion , 
and  also  to  the  flow  near  the  end  of  a  long  ridge  lying 
across  the  wind.  In  his  discussion  of  the  surface  pressure 
and  wind  fields,  Smith  presented  analytical  results  for  the 
circular  ('bell-shaped')  barrier,  but  not  for  the  ridge.  In 
the  present  study  it  is  shown  that  closed-form  analytical 
solutions  for  the  surface  fields  can  also  be  obtained  for 
mountains  with  elliptical  horizontal  cross-sections.  This 
allows  systematic  exploration  of  some  aspects  of  the  transi¬ 
tion  between  the  fully  three-dimensional  circular  barrier 
case  and  the  two-dimensional  limit  of  an  infinitely-extended 
ridge,  as  the  eccentricity  of  the  elliptical  cross-section 
is  varied. 

In  addition  to  excluding  nonlinear  and  non-hydrostatic 
effects,  the  theoretical  model  used,  here  is  restricted  to 
inviscid,  dry,  steady  flow  over  a  non-rotating  surface.  A 
Bouss i nesq- type  of  approximation  is  also  made.  As  a  final 
simplification,  the  air  far  upstream  of  the  barrier  is 
assumed  to  have  uniform  velocity  and  temperature.  Authors 
who  have  used  a  uniform  incoming  flow  such  as  this  in  a 
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linear  model  include  Lyra  (1943)  and  Queney  (1947,1948)  for 
two-dimensional  barriers,  and  Wurtele  (1957)  and  Crapper 
(1959)  in  three  dimensions.  As  appears  to  be  the  case  in 
much  of  the  previous  theory  of  mountain  airflow,  most  of 
the  simplifications  in  the  present  work  were  introduced  to 
make  the  mathematics  tractable.  Note,  however,  that  Blumen 
(1965),  Klemp  and  Lilly  (1975),  and  Blumen  and  McGregor 
(1976),  for  example,  have  shown  that  the  wave  amplitude  and 
related  wave  drag  are  rather  sensitive  functions  of  the  ver¬ 
tical  profile  of  the  upstream  flow.  One  must  bear  this  in 
mind  when  considering  the  results  of  this  thesis,  in  which 
the  vertical  structure  is  very  simple. 

There  is  an  extensive  literature  based  on  attempts  to 
remove  one  or  more  of  the  restrictions  implied  by  the  above 
assumptions.  One  can  refer  to  articles  by  Queney  et  al. 
(1960),  Smith  (1979a),  and  Klemp  and  Lilly  (1980)  for  an 
overview,  but  some  references  are  indicated  in  the  fol¬ 
lowing.  Multilevel  three-dimensional  models,  for  non¬ 
hydrostatic,  trapped  waves,  incorporating  vertical  varia¬ 
tions  of  upstream  wind  speed  and  static  stability  have 
been  studied  by  Sawyer  (1962),  Crapper  (1962),  and 
Marthinsen  (1980).  Blumen  and  McGregor  (1976)  and  Blumen 
and  Dietze  (1981)  incorporated  horizontal  wind  shear  in 
their  hydrostatic  models.  Barcilon  et  al.  (1979,1980)  and 
Smith  and  Lin  (1982),  have  considered  the  effect  of  moisture 
in  two-dimensional  models.  In  a  particularly  detailed 
numerical  modelling  study,  Durran  and  Klemp  (1983)  found 


34 


that  the  inclusion  of  moisture  led  to  a  significant  reduc¬ 
tion  in  the  amplitude  of  mountain  waves.  The  effect  of  the 
Earth’s  rotation  on  mesoscale  waves  was  treated  by  Queney 
(1947,1948),  Smith  (1979b),  and  Somieski  (1981).  Nonlinear 
and  time-dependent  processes  were  incorporated  into  the 
numerical  simulations  of  two-dimensional  non-hydrostatic 
flows  by  Clark  and  Peltier  (1977)  and  Peltier  and  Clark 
(1979),  while  the  hydrostatic  case  was  treated  by  Klemp  and 
Lilly  (1978).  The  effect  of  using  nonlinear  lower  boundary 
conditions  was  also  studied  by  Lilly  and  Klemp  (1979). 

Due  to  the  neglect  of  the  Earth's  rotation,  and  of  non¬ 
linear  and  non-hydrostatic  effects  in  the  present  model, 
there  are  certain  restrictions  on  the  vertical  scale  of  the 
barrier,  h,  and  the  downwind  horizontal  scale,  L,  in 
relation  to  the  incoming  air  speed,  U,  and  the  static 
stability,  (as  measured  by  the  Brunt-Va i sala  frequency,  N). 
The  rotation  of  the  Earth  is  unimportant  when  the  Rossby 
number,  U/Lf  >>  1,  where  f  is  the  Coriolis  parameter.  The 
linearity  and  hydrostatic  assumptions  are  expected  to  be 
applicable  when  U/hN  >>  1  and  U/LN  <<  1,  respectively.  The 
reader  is  referred  to  Smith  (1980)  for  a  discussion  of  these 
criteria.  Substituting  typical  mid-latitude,  mid- 
tropospheric  values  of  U  =  10  m  s' 1  ,  N  =  0.01  s' 1 ,  and 
f  =  0.0001  s'1,  gives  h  <<  1  km  <<  L  <<  100  km.  These  can 
be  regarded  only  as  crude  estimates  of  the  limitations  on 
the  barrier  dimensions.  In  practice  there  may  be  a  somewhat 
greater  range  of  applicability,  depending  on  particular 
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circumstances.  For  example,  Queney  (1948)  suggested  linear 
theory  could  be  useful  for  ’any  typical  mountain  range  as 
high  as  1  or  2  km,  if  its  total  width  is  not  less  than  10 
km’  . 

The  hydrostatic  approximation  is  essential  to  the 
derivation  of  the  analytical  solutions  to  be  presented,  but, 
there  is  also  a  physical  basis  for  an  interest  in  the  hydro¬ 
static  scales  of  motion  with  NL/U  10.  An  important 
distinguishing  feature  of  the  hydrostatic  mountain  waves  in 
the  10-100  km  region  is  their  efficiency  in  transporting 
energy  and  momentum  vertically,  as  compared  to  waves  of  both 
smaller  and  larger  horizontal  scale  (Klemp  and  Lilly,  1980). 
Non-hydrostatic  effects  are  important  for  the  production  of 
extended  trains  of  short  lee  waves  and  the  transport  of 
energy  downstream,  but  are  unnecessary  complications  when 
examining  other  aspects  of  mountain  airflow.  Vergeiner 
(1971)  suggested  that  the  severe  downslope  winds  in  the  lee 
of  the  Rocky  Mountains  in  Colorado  are  nearly  hydrostatic  in 
nature.  Subsequent  numerical  simulations  by  Klemp  and  Lilly 
(1975)  support  this  conclusion.  Recently,  Smith  (1981)  has 
applied  the  hydrostatic,  linear  theory  to  an  analysis  of  the 
Hood  Canal  Bridge  collapse  in  Washington  State. 

The  equations  of  the  model  and  integral  expressions  for 
the  surface  pressure  and  wind  fields  are  given  later  in  this 
chapter.  Details  of  the  particular  type  of  elliptical  ter¬ 
rain  used  are  in  Chapter  4.  The  analytical  results  for  the 
surface  pressure  perturbation  due  to  this  topography  are 


. 


36 


presented  in  Chapter  5.  The  deviation  of  the  fully  three- 
dimensional  flow  solution  from  one  in  which  the  air  is 
confined  to  move  in  vertical  planes  is  also  examined.  In 
Chapter  6,  another  effect  of  terrain  shape  on  the  pressure 
field  is  explored,  as  ridges  having  curvature  in  a  horizon¬ 
tal  plane  are  considered.  Chapter  7  is  devoted  to  a  discus¬ 
sion  of  the  transverse  velocity  perturbation  and  horizontal 
divergence  caused  by  air  forced  to  move  laterally,  around 
the  ends  of  the  barrier. 

For  the  analytical  work,  extensive  use  has  been  made  of 
the  mathematical  reference  Gradshteyn  and  Ryzhik  (1965). 

This  is  indicated  as  GR  in  the  following.  A  standard  refer¬ 
ence  for  elliptic  integrals  is  Byrd  and  Friedman  (1971), 
which  is  abbreviated  as  BF . 


3 . 2  Model  equations  and  their  solution 

The  inviscid,  dry,  steady  flow  assumed  in  this  study  is 
described  by  horizontal  momentum,  hydrostatic,  continuity 
and  adiabatic  equations  linearized  about  an  isothermal  up¬ 
stream  state  having  a  constant  speed,  U,  in  the  +x  direc¬ 
tion.  If  u",  v',  and  w'  are  the  x,  y,  and  z  components, 
respectively,  of  the  velocity  perturbation  to  the  incoming 
flow  due  to  a  mountain  barrier,  with  p'  and  p'  as  the 
corresponding  deviations  from  the  upstream  density,  p,  and 
pressure,  p,  then  the  model  equations  are 


, 


id 
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P  U  VX  +  Py  =  °  » 

8P'  +  P'  “  0  » 

dLt 

p(\  +  Vy  +  W'}  +  fijU  p'  +  62^z  w'  «  0  , 

63U  pi  +  PZ  w'-c2fjp'  +  Pz  w'}  =  0  . 


(3.1  ) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 


The  symbols  6,,  62,  and  63,  which  take  the  value  0  or  1 
according  to  whether  the  corresponding  terms  in  the  equa¬ 
tions  are  neglected  or  retained,  have  been  introduced  to 
facilitate  an  examination  of  the  effect  of  certain  approxi¬ 
mations  to  be  made  later.  The  subscripts  on  the  perturba^ 
tion  fields  denote  differentiation,  g  is  the  acceleration 
due  to  gravity  (assumed  constant),  and  c  is  the  speed  of 
sound  in  the  undisturbed  flow.  The  variables  describing  the 
mean  flow  are  related  by  the  hydrostatic  equation,  the  ideal 
gas  law  and  the  definition  of  the  speed  of  sound: 


Pz  =  -  P  g  , 
p  =  P  R  T  , 

"c2  =  YqR  T  , 

where  T  is  the  (constant)  absolute  temperature,  y0 
the  ratio  of  specific  heats  and  R  -  287  J  kg'1  K" 1 
gas  constant  for  dry  air.  If  p0  is  the  density  at 
combining  (3.6)  and  (3.7)  gives 


(3.6) 

(3.7) 

(3.8) 

1.4  is 
is  the 
z=0,  then 


1 
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where  H0  =  RT/g  is  the  density  scale  height. 

The  system  of  governing  equations  (3.  1-3.5)  is  to  be 
solved  subject  to  the  constraint  that  the  air  follows  the 
contours  of  the  terrain  at  the  lower  boundary.  For  ease  of 
applying  this  boundary  condition,  the  vertical  displacement, 
r) ,  of  a  streamline  from  its  upstream  position,  is  introduced 
and  related  to  the  vertical  velocity  by  a  linearized 
Lagrangian  derivative,  as  in  Smith  (1980): 

At  the  terrain  surface  the  vertical  displacement  of  a 
streamline  is  equal  to  the  terrain  height,  h,  so  7?(z  =  h)=h. 
However,  in  this  study,  a  linearized  version  of  this  equa¬ 
tion  is  used: 


n(z=0)  =  h 


(3.11) 


This  boundary  condition  is  applied  to  a  wave  equation  for  r) 
which  will  now  be  derived. 

Eliminating  w'  and  p'  from  the  adiabatic  equation 
(3.5),  using  (3.3)  and  (3.10),  gives 


g 


6  —  p  +  p  =  -  p  N^n  , 

J  — ?  z 

c 


where 


g 


H 

o 


(3.12) 


(3.13) 


is  the  square  of  the  Brunt-Va i sa la ,  or  buoyancy, 


frequency . 
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The  g/c2  term  in  N2  was  neglected  by  Smith  (1980)  and  by 
Wurtele  (1957),  who,  however,  arbitrarily  restores  it  in  his 
final  results.  It  will  be  retained  here,  since  g/c2  =  1/y0H0 
does  make  a  significant  contribution  to  N2  in  a  compress¬ 
ible  atmosphere.  In  addition,  Smith  (1980)  neglects  the 
g/c2  terms  in  (3.12)  (63=0),  although  he  indicates  that  the 
corresponding  term  in  (3.5)  is  important  for  fast  acoustic 
waves  (Smith,  1979a).  In  mountain  wave  theory  it  is  also 
common  to  make  a  Boussinesq  approximation.  This  involves 
the  neglect  of  the  compressibi lty  terms  in  (3.4)  (61=62=0) 
and  of  the  vertical  variation  of  p  in  all  equations  except 
the  definition  of  buoyancy  frequency  (3.13).  To  follow  the 
consequences  of  this  approximation,  write 

p  =  p  e"^  541  (3.14) 

o 

in  place  of  (3.9),  where  6 «  can  take  the  value  0  or  1  . 

Next,  differentiate  the  continuity  equation  (3.4)  with 
respect  to  x  and  express  the  other  variables  in  terms  of  p' 
using  (3. 1-3.3),  (3.12)  and  (3.14),  to  give 


+ 


61  +  6a(1-62) 


P. 


xxzz 


H 


(3.15) 


o 


yy 


0 


Operating  with  { 6 3 g/c 2 + d/dz }  on  (3.15)  and  substituting  from 
(3.12)  and  (3.14)  gives  an  equation  for  77,  to  which  the 
boundary  condition  (3.11)  can  be  applied: 
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n  + 
xxzz 


h  -  yi+y 

H 


+  (63'S1^ 


72  J 


xxz 


(3.16) 


r  (<52VV 

+  (6-6.6 

,)*-] 

N2 

n  +  — 

n  +  n 

H 

L  H 

v  1  2 

3  p  J 

**  u2 

L  xx  yyj 

=  0 


Examining  (3.16),  one  finds  that  retention  of  all  the 
terms  (  6  ,  =5 2  =  6 3  =  6 « =  1  )  leads  to  exactly  the  same  equation  for 
r\  as  obtained  if  one  neglects  the  compressibility  terms  in 
the  continuity  equation  (61=62=0)  and  the  pressure  fluctua¬ 
tion  term  in  the  adiabatic  equation  (63=0),  while  retaining 
the  density  stratification  effects  (6^=1).  A  similar  rela¬ 
tionship  between  isothermal  and  incompressible  models  has 
been  noted  by  Gossard  and  Hooke  (1975,  p.  77).  They  comment 
that  ’the  principal  consequence  of  the  assumption  of  incom- 
pressibilty  is  the  absence  of  the  acoustic  solutions  from 
the  wave  equation’,  so  that  an  incompressible  model 
'contains  much  of  the  physics  of  wave  motion  in  the 
(compressible)  atmosphere’. 

For  the  remainder  of  the  thesis,  attention  is  restric¬ 
ted  to  the  simplified  model  in  which  density  stratifica¬ 
tion  and  compressibility  enter  only  through  the  buoyancy 
frequency,  N.  Spec  i  f  ically ,  6  ,  =6  2  =  6  3  =  6 =  0  will  be  assumed 
throughout.  In  Appendix  A,  it  is  shown  that  retaining  all 
the  terms  in  the  governing  equations  changes  the  pressure 
field  by  less  than  10%  of  the  maximum  perturbation,  in  most 
c i rcumstances . 

To  solve  (3.16)  for  the  vertical  displacement,  we  employ 
the  Fourier  transform  method  used  by  Queney  (1948)  in  two 


41 


dimensions  and  by  Wurtele  (1957)  and  Smith  (1980)  in  three. 
Using  the  notation  of  Smith,  introduce  the  Fourier  trans- 
form,  h(k,/),  of  the  terrain  height,  h(x,y): 


h(k, l) 


h(x,y) 


e~i(kx+Jly) 


dx  dy 


(3.17) 


Representing  r?  in  the  form 


n(x,y,z)  = 


h(k,l)  ei(kx+il^z)dk  dl 


(3.18) 


one  finds  that  the  boundary  condition  (3.11)  and  the  wave 
equation  (3.16)  are  satisfied,  provided  the  vertical  wave 
number,  m,  is  determined  as  a  function  of  k  and  /  by: 

m  -  i  g  (k2^2)8*  .  (3.19) 

U  k 

The  solution  is  thereby  uniquely  determined,  except  for 
the  sign  in  the  expression  for  m.  As  discussed  by  Smith 
(1979a),  the  +  sign  is  the  correct  choice  here  since  this 
corresponds  to  a  propagation  of  wave  energy  upward  from  the 
mountain  by  each  Fourier  component.  This  ’radiation  condi¬ 
tion',  as  it  is  known,  is  appropriate  for  the  present  prob¬ 
lem  because  there  is  no  wave  energy  source  at  high  levels 
in  the  model  atmosphere,  and  the  simple  vertical  struc¬ 
ture  of  the  upstream  flow  prevents  reflection  of  upwardly 
propagating  waves.  The  solution  given  by  choosing  the  + 
sign  is  also  the  one  that  would  be  obtained  in  the  large 
time  limit  of  a  time-dependent  generalization  of  the  present 
problem  or  one  in  which  a  small  frictional  force  is  intro¬ 
duced.  See  Crapper  (1959)  for  more  detail  on  this  point. 
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In  Appendix  A,  the  adiabatic  relation  (3.12)  is  inte¬ 
grated  with  respect  to  z,  to  give  the  pressure  perturbation. 
With  63=84=0  in  (A. 2),  one  finds 


p'(x,y,z) 


ip  N' 
o 


’  hQ i (kx+£y+mz) 
m(k,A)  6 


(3.20) 


where  p0  is  the  value  of  p(z)  at  z=0. 

In  calculations  of  the  pressure  and  wind  perturbations, 
values  at  the  terrain  surface,  z=h(x,y),  will  be  approx¬ 
imated  by  the  corresponding  values  at  z=0,  in  a  manner  simi¬ 
lar  to  the  linearization  of  the  boundary  condition  (3.11). 
Consequently,  the  surface  pressure  perturbation  is  given  by 


P'(x,y)  =  i 


p  N2 
o 


1  *i(kx+£y)  “  " 


—00  —00 


(3.21  ) 


The  three-dimensional  nature  of  the  present  problem 
enters  the  expression  for  p'  through  the  dependence  of  the 

A 

terrain  Fourier  transform,  h(k,-0,  and  the  vertical  wave 
number,  m(k,^),  on  the  lateral  wave  number,  A,  In  the 
special  case  of  a  ridge,  h(x),  infinitely-extended  in  the  y 
direction,  the  wave  motion  is  two-dimensional  in  the  sense 
that  it  is  confined  to  x-z  planes  and  the  surface  pressure 
perturbation  depends  only  on  x.  To  confirm  this,  note  that 
the  terrain  height  Fourier  transform  simplifies  in  this  case 
to 

h(k,0  =  h(k)  6(0  , 


h(k) 


1_ 

2tt 


— 00 


h(x) 


-ikx 

e 


dx 


(3.22) 


where  6(0  is  a  Dirac  delta  function,  which  is  non-zero  only 
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for  A=0  (see  Byron  and  Fuller,  1969,  p.  224,  for  example). 
Substituting  this  expression  into  (3.21),  the  A  integration 
can  be  done  immediately  to  give  the  ’two-dimensional’  solu¬ 


tion 


oo 


(3.23) 


where,  from  (3.19)  one  has 


m(k)  =  m(k,0)  =  ^  sign(k) 

U 


(3.24) 


Even  if  the  terrain  is  fully  three-dimensional,  there 
are  cases  in  which  the  motion  occurs  nearly  in  vertical 
planes,  and  the  transverse  perturbation  velocity,  v ' ,  is 
negligible.  In  such  cases  the  A  dependence  in  m(k,-0  can 
also  be  neglected,  so  that  the  vertical  wave  number,  m, 
again  simplifies  to  the  form  (3.24).  The  surface  pressure 
perturbation  becomes 


(3.25) 


where  the  integration  over  A  in  (3.21)  has  been  performed 
and 


oo 


(3.26) 


Unlike  the  infinite  ridge  case,  p"  still  depends  on  both  x 
and  y  because  of  the  change  in  terrain  cross-section  with  y. 
For  any  fixed  lateral  position,  y  =  constant,  however,  the 
solution  obtained  is  the  same  as  for  an  infinitely-extended 
ridge  having  the  same  x-z  cross-section.  (Compare 


' 
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(3.22-3.23)  with  (3.25-3.26)).  The  expression  (3.25)  will 
be  termed  the  ’two-dimensional  slice’  approximation  to  the 
full  three-dimensional  solution. 

Having  obtained  the  pressure  perturbation,  p' ,  one  can 
derive  various  other  quantities.  For  example,  integration 
of  (3.1)  with  respect  to  x,  assuming  that  all  perturbations 
vanish  far  upstream  (x  =  -°°),  gives  the  x  component  of  the  ve¬ 
locity  perturbation: 


u'(x,y,z) 


p"(x,y,z) 


(3.27) 


P  U 

Similarly,  from  (3.2)  and  (3.20),  one  finds  that  the  trans¬ 
verse  velocity  perturbation,  v',  is  given  by 


v'  (x,y,z) 


x 


p  (x%y>z) 


dx  " 


U 


_ oo 


h(k,£)  £  i(kx+£y+m(k,£)z) 

i  m (k, £ )  k 


dk  d£ 


(3.28) 


An  interesting  expression  for  the  surface  perturbation 
v'(x,y)  =  v'(x,y,z=0)  can  be  obtained  in  the  hydrostatic 
approximation  using  the  result 


m(k, £)  _  m(&,k) 
£  ~  k 


(3.29) 


which  follows  from  (3.19).  Using  (3.29)  in  (3.28),  inter¬ 
changing  the  order  of  the  integrations  and  relabelling  the 
variables  k  and  A,  gives 


N2 

v' (x , y )  =  — 
U 


ei<*y+Jx)  dk  dl 

i  m(k, Z) 


—  OO  — 00 


(3.30) 


Comparing  (3.30)  and  (3.21)  one  sees  that 


- 


-  . 


45 


v'(x,y)  =  -  33  pR(y,x) 


<>oU 


(3.31 ) 


where  p'(x,y)  is  the  pressure  perturbation  due  to  a  terrain 
R 

field,  h  (x,y),  obtained  from  the  original  field,  h(x,y),  by 
R 

reflection  about  the  line  x=y: 


hR  (x ,  y )  =  h  (y ,  x )  .  (3.32) 

Some  deductions  about  the  transverse  perturbation  velocity, 
v',  based  on  (3.31)  are  presented  in  Chapter  7. 

From  the  first  equality  in  (3.28),  together  with 
(3.27),  it  follows  immediately  that  the  vertical  component 
of  the  perturbation  vorticity,  $  =  9v  ' /dx-du  ' /dy  ,  is 
identically  zero.  The  horizontal  divergence,  another 
combination  of  the  derivatives  of  the  velocity  components, 
is  considered  in  Chapter  7. 


CHAPTER  4 


ELLIPTICAL  TERRAIN  SHAPE 

A  variety  of  three-dimensional  terrain  forms  have  been 
used  in  mountain  airflow  studies,  including  an  infinite 
plateau  of  finite  crosswind  extent  by  Wurtele  (1957),  a 
Gaussian  hill  with  height  h(x,y)  =  h0exp( -x 2/a 2-y 2/b2 )  by 
Crapper  (1962)  and  Marthinsen  (1980),  and  the  'circular' 
hill  with  h(x,y)  =  h0 [ 1 +  ( x 2+y 2 ) /a  2 ] ' 3 ' 2  employed  by  Crapper 
(1959)  and  Smith  (1980).  Recently,  Blumen  and  Dietze  (1981) 
have  studied  a  class  of  barrier  which  includes  considerable 
variation  in  planform,  from  quas i -c i rcular  to  quasi-ellipti¬ 
cal.  The  mountain  shape  used  for  much  of  the  present  work 
allows  a  similar  flexibility,  but  has  terrain  height 
contours  which  are  exact  ellipses  of  arbitrary  eccentricity. 
Specifically,  we  choose  the  terrain  height  field  as 


h(x,y) 


h 


(4.1) 


where  h0 ,  a,  b,  and  u  are  constant  parameters.  Note  that 
a=b,  u=2/2  corresponds  to  the  terrain  of  Crapper  and  of 
Smith  mentioned  above,  while  a=b,  m=1/2  was  studied  by  Palm 
(1958).  Clark  and  Gall  (1982)  used  the  elliptical  case 
(a*b),  with  *z=1,  in  their  numerical  experiments  on  airflow 
over  Elk  Mountain,  Wyoming.  The  special  case  b=<»,  u=  1  gives 
the  two-dimensional  ridge  introduced  by  Queney  (1947,1948) 
and  used  by  Vergeiner  (1971),  Smith  (1976),  and  others. 
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When  the  analytical  portion  of  this  thesis  was 
initiated,  a  mountain  shape  different  from  (4.1)  had  been 
chosen : 


h 


o 


h(x,y) 


(4.2) 


The  separable  form  of  (4.2)  is  a  slight  convenience,  but, 
in  general,  the  derivation  of  solutions  for  the  surface 
pressure  perturbation  involves  about  the  same  amount  of 
algebraic  manipulation  as  for  (4.1).  It  should  be  noted, 
however,  that  use  of  (4.1)  leads  to  expressions  containing 
elliptic  integrals,  whereas  (4.2)  does  not.  See  Appendix  E 
for  analytical  results  pertaining  to  (4.2).  Because  (4.1) 
seemed  a  better  representation  of  naturally  occurring  ter¬ 
rain  and  includes  cases  appearing  in  previous  research,  it 
was  used  more  extensively  than  (4.2)  in  the  current  work. 

At  times  it  will  be  convenient  to  use  dimensionless 
variables,  scaled  by  the  terrain  amplitude,  h0 ,  and  the 
parameters,  a  and  b,  controlling  the  decay  of  the  barrier 
height  in  the  x  and  y  directions,  respectively.  Define 
dimensionless  Cartesian  coordinates,  (X,Y),  and  elliptical 
polar  coordinates,  (R,0),  by 


X  -  —  =  R  cose 


Y  =  =  R  sin0 

b 


(4.3) 


a 


Dimensionless  forms  for  the  terrain-height  Fourier  trans¬ 
forms  and  pressure  integrals  of  Chapter  3,  based  on  (4.3) 
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and  analogous  quantities  in  wave  number  space  (4.9),  are 
summarized  in  Appendix  B.  Using  (4.3)  in  (4.1)  gives  a  nor¬ 
malized  terrain  height: 


H(R)  =  .  - 1 - 

%  (i  +  *2r 


(4.4) 


The  terrain  height  contours  are  the  ellipses  R=constant. 
The  eccentricity,  e,  of  these  contours  is  given  by 


E 


(i  -  y2)1/2  .  y  «  i 
i1  -  ~zl  ,  Til 


(4.5) 


where  y=a/b  is  the  ratio  of  the  horizontal  scaling  lengths. 

The  parameter  »  appearing  in  (4.4)  specifies  the  rate 
at  which  the  height  declines  with  distance  far  from  the 
barrier  peak.  It  will  be  termed  the  terrain  exponent. 
However,  m  is  also  related  to  the  extent  to  which  the  moun¬ 
tain  is  broad  or  peaked  and,  therefore,  could  be  considered 
as  a  measure  of  terrain  steepness.  For  example,  one  finds 
that  the  maximum  terrain  slope,  along  the  Y=0  axis,  occurs 
at  |  X  |  =  (  2u  +  1  ) '  1  ' 2  and  its  magnitude  goes  as  *x'1/2  for  n»'\. 
As  v  increases,  the  characteristic  size  of  the  barrier,  as 
measured  by  the  half-width  at  maximum  slope,  also  behaves  as 
n'1/2  and  the  hill  becomes  steeper  and  more  sharply  peaked. 
Although  calculations  are  performed  for  general  n  where 
convenient,  some  of  the  more  complicated  results  are 
obtained  only  for  the  particular  values  m= 1/2,  1,  3/2,  and 
2.  A  vertical  cross-section  of  terrain  as  a  function  of  X 
along  Y=0  for  these  four  u  values  is  shown  in  Fig.  4. 


‘ 
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X 


Figure  4.  Normalized  terrain  height,  H=1/(1+X2)^, 
vs.  dimensionless  position,  X=x/a,  along  Y=0,  for  terrain 
exponent  m  = 1/2 ,  1,  3/2,  and  2. 
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Calculations  of  the  x-z  cross-sectional  area  of  the 
terrain,  A(y),  and  the  mountain  volume,  V,  show  that  the 
cases  m=  1/2  and  =  1  have  special  significance.  The 
cross-sectional  area  is  defined  by 


A(y)  = 


dx 


h(x,y)  dx  =  a  h 


(l  +  X2  +  Y2}y 


r  (1/2)  r  (y-1/2)  a  hn  ,  (y  >  1/2) 

™  (1  +  Y2)^2 


(4.6) 


where  the  second  form,  involving  gamma  functions,  can  be 
obtained  from  standard  integral  tables,  such  as  GR  (p.  295). 
Note  that  the  cross-section  has  infinite  area  in  the  case 
m=1/2,  whereas  it  is  finite  for  the  larger  values  of  n. 

Similarly,  one  finds  that  m=1  is  the  largest  value  of  n 
for  which  the  terrain  volume  is  not  finite.  Specifically,  V 
is  given  by 


2  71  °° 


V  = 

► 

h(x,y)  dx  dy  =  h  ab 

• 

R  H(R)  dR  d6  . 

(4.7) 

. 

0  J 

4 

where  the  dimensionless  variables  (4.3)  have  been  used  in 
the  second  expression.  The  integration  is  easily  done  to 
obtain 

V  =  — ~r  h  ab  ,  (y  >  1)  .  (4.8) 

y-i  o 

Therefore,  the  terrain  for  the  n=1\/2  case  has  infinite 
cross-sectional  area  and  volume,  the  m=1  case  gives  a  finite 
cross-section  but  infinite  volume,  whereas  in  the  u-2/2  and 


, 
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\x~2  cases  both  quantities  are  finite. 

In  the  calculation  of  the  surface  pressure  perturba¬ 
tion,  as  given  by  (3.21),  the  Fourier  transform  of  the 
height  field  is  required.  Consider  the  general  case  of 
terrain  with  elliptical  height  contours,  so  that 
h(x,y)  =  h0H ( R ) ,  where  H ( R )  is  an  arbitrary  positive 
function  of  the  radial  elliptical  polar  coordinate. 
Introducing  the  dimensionless  wave  number  variables 


p  =  (k^+A2)*5  , 

k  =  ka  =  p  cos<f>  ,  A  =  £b  =  p  sin<£ 


(4.9) 


and  transforming  (3.17)  to  the  (R,0)  coordinates, 
that  the  terrain  Fourier  transform  is  a  function, 
the  wave  number  magnitude,  p,  alone: 

2tt  00 


H(p) 


h(k,£) 

h  ab 
0 


'  h(R)  e-ipRc0s(8-*) 

0 


R  dR  d6 


one  finds 
H  (  p  )  ,  of 


* 


1_ 

2tt 


R  H  (R)  J  (pR)  dR 
0 


0 


(4.10) 


where  the  6  integration  has  been  done  (GR,  p.  953),  giving 
rise  to  the  Bessel  function,  J0. 

Specializing  again  to  the  particular  height  field  given 
by  (4.4),  the  remaining  integral  in  (4.10)  can  be  evaluated 
(GR,  p.  686)  to  give 


H(p) 


1_ 

2ir 


2j  r(u) 


(y  >  k) 


(4.11) 


where  K y-i(p)  is  a  Bessel  function  of  imaginary  argument. 
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In  Table  2  of  Appendix  D,  explicit  expressions  are  given  for 
H  ( p )  for  other  terrain  shapes. 

Fig.  5  shows  the  normalized  Fourier  transform,  Hip),  as 
a  function  of  p  for  the  cases  p=1/2,  1,  3/2,  and  2.  The 
flattening  of  the  curves  as  p  increases  reflects  the  fact 
that  the  terrain  is  more  peaked  for  large  p,  and  the  low 
wave  numbers  become  less  important.  From  the  properties  of 
Bessel  functions  (Abramowitz  and  Stegun,  1965,  p.  375)  one 
can  show  that  as  p-+  0,  H(p)  becomes  infinite  like  ( 2  7r  p )  ~  1  for 
p=1/2  and  like  -(lnp)/2ir  for  p=1.  This  singular  behaviour 
is  closely  related  to  the  result  that  the  terrain  volume,  V, 
is  infinite  for  these  cases.  Comparing  (4.7)  and  (4.10), 

a 

one  sees  that  H ( 0 ) =V/ ( 4n 2h0ab ) .  In  a  similar  manner,  the 
terrain-height  Fourier  transform,  h(k;y),  involved  in  the 
two-dimensional  slice  approximation,  is  related  to  the  ter¬ 
rain  cross-sectional  area,  A,  by  h  (  0  ;  y  )  =A  ( y  )  /2ir .  This  is 
shown  by  comparing  (3.26)  and  (4.6). 
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Figure  5.  Normalized  terrain  height  Fourier  transform, 
H(p),  vs.  dimensionless  radial  wave  number,  p,  for  terrain 
exponent  p=1/2,  1,  3/2,  and  2.  For  p=i/2  and  1,  H(C)  is 

infinite. 


CHAPTER  5 


ANALYTICAL  SURFACE  PRESSURE  PERTURBATION 


5.1  Three-dimensional  flow 


Analytical  results  for  the  surface  pressure  perturba¬ 
tion,  p' ,  given  by  (3.21),  are  derived  in  this  section  for 
the  terrain  shape  (4.1).  The  dependence  of  the  pressure 
field  on  the  horizontal  scaling  lengths,  a  and  b,  of  the 
terrain,  is  discussed.  The  transition  from  two-dimensional 
flow  over  an  infinitely-extended  ridge  to  the  three- 
dimensional  flow  over  a  circular  barrier  is  considered. 

For  any  elliptical  terrain,  h(x,y)  =  h0H(R),  the 
normalized  Fourier  transform,  H(p),  of  the  height  field  is  a 
function  only  of  the  radial  wave  number  coordinate,  p, 
defined  in  (4.9).  Therefore,  it  is  convenient  to  transform 
the  double  integral  (3.21)  to  polar  coordinates,  (p,0). 

Using  the  hydrostatic  vertical  wave  number  expression 
(3.19),  one  obtains  a  dimensionless  surface  pressure  pertur¬ 
bation,  P  ( X ,  Y ) ,  given  by 


P3(X,Y)  = 


p'(x,y) 


=  i 


p  U  N  h 

Ho  o  0  0 


“cos*  eipRco9(*-e)  - 
- *  p  H(p )  dp  d<|> 


(c  o  s  2  2  s  in  2  )  ’ 


(5.1) 


where  X=Rcos0,  Y=Rsin£,  and  y  =  a/b.  With  p0  =  1  kg  nr 3 , 

N  =  0.01  s" 1 ,  U  =  10  m  s'1,  and  h0  =  1  km,  the  normalization 
factor  p0U  N  h0  =  100  Pa  (=  1  mb). 

There  are  two  special  barriers  for  which  an  exact 
analytical  result  can  be  found  for  the  <t>  integral,  namely  an 
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infinitely-extended  ridge  and  a  hill  of  circular  horizontal 
cross-section.  In  the  ridge  case,  which  corresponds  to  b-»°° 
in  (4.1),  the  terrain  height  depends  only  on  X,  since 
Y  =  y/b  ->  0  for  finite  y.  Also,  y  =  a/b  -+  0  so  that  the  <p 
integral  to  be  evaluated  is 

2tt 

j  sign(cos<|>)  e1PXcos<f)  d<f)  (5.2) 

0 


Using  some  symmetry  arguments  the  integral  reduces  to 


■m/2 


4i 


0 


sin(pXcos4>)  d<}>  =  2iri  H  (pX) 

0 


(5.3) 


where  the  last  form  is  given  in  GR  (p.  402)  and  H0  is  a 
Struve  function.  Therefore,  the  normalized  pressure  pertur¬ 
bation,  P  ( X ,  Y ) ,  for  the  two-dimensional  ridge  case,  which 
will  be  denoted  by  P^(X),  is  given  by 


p2(x)  = 


-2tt  p  H  (pX)  H(p )  dp 
J  0 

0 


(5.4) 


The  other  special  case  to  be  considered  is  that  in 
which  y= 1  (a=b)  so  that  the  hill  is  circular  in  horizontal 
cross-section.  The  0  integral  becomes 

2tt 

’  cos*  eipRcos(*-e)  d*  .  (5.5) 

0 

Making  the  change  of  variable,  <P  =  6  +  £,  and  examining  the 
periodicity  properties  of  the  integrand,  one  can  show  from 
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GR  (p.  402)  that  (5.5)  reduces  to 


2i  cos0 


TT 

» 

cos£  sin(pRcos£)  d£  =  2iri  cos0  J^(pR) 

4 

0 


(5.6) 


where  J ,  is  a  Bessel  function.  Denoting  the  normalized 

pressure  perturbation  for  the  circular  barrier  case  by 

P  ( X , Y ) ,  and  using  (5.6)  in  (5.1),  gives 
3  C 


P^CX.Y)  =  -2tt  cos0 


p  J1(pR)  H (p )  dp 


0 


(5.7) 


To  make  further  progress  we  now  restrict  attention  to 
the  particular  terrain  shape  (4.1)  having  a  normalized  Fou- 
rier  transform,  H(p),  given  by  (4.11).  Other  barrier 
profiles  are  treated  in  Appendix  D.  The  surface  pressure 
perturbation  for  the  infinite  ridge,  the  two-dimensional 
slice  approximation  for  an  elliptical  barrier,  and  the  full 
three-dimensional  flow  solution  for  the  circular  barrier 
case  can  all  be  obtained  in  a  straightforward  manner. 

Substituting  (4.11)  into  the  integral  (5.4)  for  the 
ridge  case  gives 


P  (x)  =  -  .  ^ (y+i/2 ) _ y.  p,,  . _y2\ 

r9^A'  r/"3/9\  rf,,\  A  *  U,V-f-2>2’  A  '  * 


r (3/2)  r(y) 


(5.8) 


using  a  result  from  GR  (p.  781),  where  F(a,£;y;z)  is  a 
hypergeometric  function.  As  it  stands,  (5.8)  is  useful  only 
for  | X | < 1 ,  but  transformation  formulae,  such  as  given  in  GR 
(p.  1043),  allow  one  to  obtain  expressions  valid  for  all  X. 
For  example, 


II  '1' 
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F(l,n+|;|;-X2)  =  -jip-  F(1,1-u;|;^7)  .  (5-9) 

In  the  particular  cases  where  n  is  half  of  a  positive 
integer,  the  hypergeometric  function  can  be  reduced  to  a 
combination  of  elementary  functions.  The  resulting 
expressions  for  1/2,  1,  3/2,  and  2  are  given  in  Table  4  of 
Appendix  D,  along  with  the  position  and  magnitude  of  the 
maximum  pressure  perturbation.  Fig.  6  shows  the  pressure 
perturbation  as  a  function  of  X  for  these  same  values  of  u. 

As  indicated  in  Chapter  4,  as  u  increases  the  barrier  becomes 
more  sharply  peaked  and  its  width  effectively  decreases. 

This  is  reflected  in  the  results  for  the  pressure  perturba¬ 
tion.  From  Table  4  or  Fig.  6  one  can  see  that,  as  u 
increases,  the  extreme  pressure  perturbation  increases  in 
magnitude  and  shifts  toward  the  barrier. 

The  normalized  surface  pressure  perturbation  for  the 

two-dimensional  slice  flow,  denoted  by  P  (X,Y),  can  be 

2S 

obtained  from  the  infinite-ridge  solution  by  some  simple 
transformations  in  (3.25)  and  (3.26).  One  obtains 


P2S(X’Y) 


1 

(1+Y2)P 


X 

/l+Y2)^ 


(5.10) 


Using  (5.8)— (5. 10)  gives 


P2S(X’Y) 


r(y+i/2) 
r (3/2)  r(y) 


( 1+Y 2 ) 


(l+R2) 


(5.11) 


Note  P  (X,0)  =  P  (X)  so  Fig.  6  applies  equally  well  to  the 
2S  2 


. 
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Figure  6.  Magnitude  of  the  normalized  surface  pressure 
perturbation,  |P2(X)j,  for  flow  over  an  infinitely-extended 
ridge  with  the  vertical  cross-section  shown  in  Fig.  4, 
vs.  dimensionless  position,  X=x/a,  for  terrain  exponent 
1 /2 ,  1 ,  3/2 ,  and  2 . 


X 


Figure  7.  As  in  Fig.  6,  except  showing  the  magnitude 
of  the  normalized  surface  pressure  perturbation,  |P3C(X,Y)|, 
along  Y=0,  for  flow  over  an  isolated  circular  hill. 
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two-dimensional  slice  flow  along  Y=0  and  to  the  correspond¬ 
ing  infinite  ridge.  An  example  of  the  full  X-Y  variation  of 
P  (X,Y)  will  be  discussed  later  in  this  section. 

fc  u 

Next  consider  the  circular  barrier  case.  Substituting 
(4.11)  into  (5.7),  using  an  integral  tabulated  in  GR  (p. 
693),  gives  the  normalized  pressure  perturbation 


r  (y+1/2)  r(3/2) 
T(y) 


P3C(X'Y>  "  - 


Table  5  in  Appendix  D  gives  the  functional  form  for 
P3c(X,Y)  in  the  special  cases  u= 1/2,  1,  3/2,  and  2.  Note 
that  the  result  for  m=3/2  agrees  with  that  given  by  Smith 
(1980).  The  extreme  value  of  the  pressure  perturbation  is 
found  to  lie  along  the  Y=0  axis.  This  value  and  the  X  coor¬ 
dinate  at  which  it  occurs  are  also  given  in  Table  5.  Fig.  7 
shows  the  full  variation  with  X  along  Y=0.  Comparing 
Figs.  6  and  7,  it  is  seen  that  the  variation  with  the  ter¬ 
rain  exponent,  u,  is  qualitatively  similar  in  the  infinite 
ridge  and  circular  hill  cases.  However,  for  a  fixed  value 
of  u  the  maximum  value  of  the  hydrostatic  pressure  perturba¬ 
tion  is  nearly  30%  lower  for  the  circular  hill  case  than  for 
the  ridge  case.  In  contrast,  for  non-hydrostatic  waves, 
Crapper  (1959)  found  that,  under  some  conditions,  the  circu¬ 
lar  barrier  can  produce  waves  of  greater  amplitude  along  Y=0 
than  an  infinite  ridge  of  the  same  vertical  cross-section. 
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Now  return  to  (5.1)  and  consider  the  solution  in  the 
general  elliptical  case,  where  the  ratio  of  the  horizontal 
length  scales,  y,  is  not  restricted  to  0  or  1.  In  this 
case,  a  closed-form  result  for  the  <p  integration  has  not 
been  found,  although  symmetry  arguments  can  be  made  to  show 
that  the  imaginary  part  of  vanishes.  If  attention  is 
restricted  to  the  terrain  shape  (4.1),  then  the  p  integra¬ 
tion  can  be  done  first  and  the  <p  integration  completed 
afterwards.  Expanding  the  exponential  in  (5.1)  and  sub- 

A 

stituting  for  H(p)  from  (4.11)  allows  the  p  integral  to  be 
written  as 


sin  (pRcos(4»-6))  pH (p )  dp  = 


0 


7r2Mr(y) 


p^  K^_^(p)  sin  (pRcos  ( 4>— © ) }  dp 


0 


T  (y+1/2) _ Rcos  (<j>-6 ) _  , 

-  4  r (3/2)  r(y)  (l+R2cos2U_e))^  ’  ' 

where  the  last  form  is  obtained  from  GR  (p.  749).  From 
(5.1)  one  then  f inds 


2tt 


P3(X,Y)  = 


r  (p+i/2) 


4  r (3/2)  r  (y ) 


cos(<j>-9)  cos<j> 


0 


(l+R2cos2  (4>— 0  )}  V^(cos24>+Y2sin2<})) 


d  4> 


(5.14) 

The  0  integration  can  be  done  analytically  in  terms  of 
elliptic  integrals  if  u  is  half  a  positive  integer. 

Explicit  expressions  for  the  cases  p=1/2,  1,  3/2,  and  2  are 

presented  in  Appendix  D. 

As  a  typical  example  of  the  surface  pressure  field 
obtained  in  this  model,  some  results  for  the  p=2  case  are 
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shown  in  Fig.  8.  In  Fig.  8a,  the  upstream  flow  is  perpen¬ 
dicular  to  the  major  axis  of  the  ellipse  (y=1/2),  whereas  in 
Fig.  8b  it  is  parallel  (y=2).  In  both  cases  the  pressure 
field  is  antisymmetric  about  the  X=0  axis  with  high  pressure 
on  the  upstream  side  of  the  barrier  and  low  pressure  down¬ 
stream.  However,  the  extreme  pressure  perturbation  is  about 
1.5  times  larger  when  the  long  axis  of  the  ridge  is  perpen¬ 
dicular  to  the  incoming  stream,  than  when  it  is  parallel. 

The  extreme  perturbations  are  found  to  lie  on  the  Y=0  axis 
in  both  cases,  with  the  maximum  pressure  gradient  occurring 
directly  over  the  barrier  at  X=Y=0.  An  analytical  expres¬ 
sion  for  the  maximum  pressure  gradient  as  a  function  of  the 
terrain  exponent,  eccentr ic i ty ,  and  orientation  is  presented 
in  Appendix  F.  From  (F.6),  one  finds  the  maximum  gradient 
is  over  2.8  times  larger  in  the  case  of  Fig.  8a  than  in 
Fig .  8b. 

From  the  results  for  the  barriers  of  Figs.  8a  and  8b, 
one  can  easily  derive  the  pressure  field  for  a  hill  with  an 
intermediate  orientation,  such  as  is  shown  in  Fig.  8c.  In 
this  example,  the  barrier  of  Fig.  8a  has  been  rotated  coun¬ 
terclockwise  by  45°.  To  obtain  the  pressure  field, 

P  ( X , Y ) ,  for  a  rotated  barrier,  one  resolves  the  upstream 
ROT 

velocity  into  two  perpendicular  components  (for  example, 
along  the  symmetry  axes  of  the  elliptical  terrain)  and  sums 
the  pressure  field  corresponding  to  each  component.  If  is 
the  (counterclockwise)  angle  through  which  the  barrier  has 
been  rotated,  then 


. 
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Figure  8.  Contours  of  normalized  surface  pressure  per¬ 
turbation,  P 3 ( X , Y ) ,  (right  panels)  and  terrain  height, 
H(X,Y),  (left  panels)  for  terrain  exponent  n=2 ,  and  horizon¬ 
tal  scale  ratio  y=1/2  (Figs.  8a  and  8c)  and  y=2  (Fig.  8b). 
Fig.  8c  shows  a  rotated  barrier  case  with  \p=45° .  The  mean 
wind,  U,  is  from  left  to  right.  Axes  are  labelled  by  dimen¬ 
sionless  coordinates,  (X,Y),  but  each  figure  shows  the  same 
physical  area.  The  extreme  perturbations,  and  their 
positions,  indicated  by  the  small  crosses,  are  ±P3  =  .470, 
.309  and  .400,  at  +(X,Y)  =  (.636,0.),  (.583,0.)  and 
( . 826 , - .  030  )  ,  for  Figs.  8a,  8b  and  8c,  respectively. 
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Prot(X,Y)  =  cos\p  P3(X',Y';y)  +  sin*  P3(-Y',X';y) 


(5.15) 


where  ( X=x/a , Y=y/b ; y=a/b )  is  the  normalized  pressure  field 
for  an  'unrotated'  barrier,  with  a  and  b  measured  along  the 
x  and  y  axes,  respectively.  Here 


X"'  =  x'/a  =  XcosiJj  +  --sini p 

Y 

Y -  y'/b  =  -yXsinij;  +  Ycosi^ 


(5.16) 


are  normalized  coordinates  along  the  x'  and  y'  axes  shown 
in  Fig.  8c.  In  this  figure  it  is  seen  that  there  is  some 
tendency  for  the  pressure  pattern  to  ’rotate  with  the  bar¬ 
rier’,  but  through  a  smaller  angle.  The  pressure  contours 
near  the  origin  (X=Y=0),  for  example,  are  no  longer  aligned 
with  an  axis  of  the  barrier,  as  in  Figs.  8a  and  8b.  In 
Appendix  F,  an  expression  is  derived  for  the  orientation  of 
the  zero  pressure  perturbation  contour  at  the  origin  for  an 
arbitrary  elliptical  barrier,  h(x,y)  =  h0H(R).  The  result 
is  independent  of  the  function  H,  depending  only  on  the  ori¬ 
entation  of  the  barrier  and  its  eccent r ic i ty .  For  the  case 
of  Fig.  8c,  for  example,  it  is  calculated  from  (F.7)  that 
this  contour  makes  an  angle  of  25.6°  with  respect  to  the  Y 
axis. 

Another  feature  to  note  about  the  pressure  perturbation 
field  for  the  45°  rotated  barrier  is  that  the  extreme  values 
do  not  occur  exactly  along  the  Y=0  axis  as  in  Figs.  8a  and 
8b,  but  are  displaced  slightly  into  the  second  and  fourth 
quadrants.  This  displacement  is  more  pronounced  for 
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barriers  with  large  eccentr ic ity . 


5 . 2  Two-dimensional  slice  flow 

To  highlight  the  properties  of  flow  around  a  three- 

dimensional  barrier,  the  surface  pressure  field  for  an 

isolated  elliptical  mountain  is  compared  to  the  'two- 

dimensional  slice'  flow  introduced  in  Chapter  3.  In  the 

latter  case  the  pressure  is  calculated  as  if  the  air  moved 

in  vertical  planes  over  a  barrier  of  the  same  x-z  cross- 

section  but  infinitely-extended  in  the  Y  direction.  Figs.  9 

and  10  show  normalized  fields  of  the  terrain  height,  H, 

given  by  (4.4),  surface  pressure  perturbation  for  three- 

dimensional  flow,  P  ,  calculated  from  (5.1),  that  for  two- 

3 

dimensional  slice  flow,  P  ,  from  (5.10)  and  their  differ- 

2S 

ence  P  -P„  .  In  Fig.  9,  the  ratio  of  the  characteristic 
3  2S  ^ 

distances  a  and  b,  in  the  x  and  y  directions,  respectively, 
is  y=1/2,  whereas  in  Fig.  10  the  width  of  the  barrier  has 
been  halved,  so  y=1/4.  Results  are  presented  here  for  m=3/2 
only,  but  those  obtained  for  v='\/2,  1,  and  2  are  qualita¬ 
tively  similar.  The  axes  in  the  figures  are  scaled  so  that 
the  same  dimensional  distance  is  shown  in  the  x  and  y  direc¬ 
tions,  but  the  labelling  is  in  terms  of  the  normalized 
coordinates,  X=x/a  and  Y=y/b.  All  diagrams  are  restricted 
to  the  quadrant  X>0,  Y>0,  but  no  information  is  lost  because 
the  pressure  fields  are  symmetric  in  Y  and  antisymmetric  in 


X. 


- 
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X  X 


Figure  9.  Contours  of  normalized  terrain  height,  H, 
for  n=3/2  and  y=1/2  (Fig  9a),  three-dimensional  flow  pres¬ 
sure  perturbation,  P3  (Fig.  9b),  two-dimensional  slice  flow 
pressure  perturbation,  P2s  (Fig.  9c),  and  the  difference, 
P3-P2s  (Fig.  9d ) .  The  extreme  values  of  P3,  P2s  and  P3-P2s 
are  -.454,  -.533  and  .100,  and  occur  along  Y=0  at  X  =  .740, 
.797  and  1.80,  respectively. 
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>- 


Figure  10.  As  in  Fig.  9,  but  with  7=1/4.  Extreme 
values  of  P3,  P2s  and  P3-P2s  are  -.498,  -.533  and  .054,  at  X 
=  .767,  .797  and  2.82,  respectively. 
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In  Figs.  9  and  10  it  is  seen  that  the  magnitude  of  the 

pressure  perturbation  in  the  three-dimensional  flow  is 

generally  less  than  would  occur  if  the  motion  were  treated 

as  two-dimensional.  The  difference,  P  -P  ,  is  smaller  in 

3  2S 

Fig.  10,  as  one  would  expect,  since  the  barrier  in  that  case 
is  closer  to  being  'two-dimensional',  having  a  larger  length 
to  width  ratio.  Also  from  these  figures,  note  that  the  max¬ 
imum  perturbation  occurs  closer  to  the  ridgeline  for  the 
three-dimensional  barrier,  compared  to  an  infinite  ridge  of 
the  same  vertical  cross-section.  These  features  are  also 
shown  in  Figs.  11a  and  11b,  in  which  the  magnitudes  of  the 
extreme  pressure  perturbation,  and  its  dimensionless  posi¬ 
tion,  p  and  X  ,  respectively,  are  plotted  as  a  function  of 

Jm  in 

Y  for  various  values  of  the  terrain  exponent,  m.  Recall 
that  y=0  corresponds  to  the  two-dimensional  flow  over  an 
infinitely-extended  crosswind  ridge,  y= 1  to  a  circular  bar¬ 
rier,  and  y> 1  to  a  barrier  with  its  long  axis  parallel  to 
the  wind.  As  y  increases,  the  pressure  perturbation 
decreases  monotonically ,  with  a  In  y/ y  behaviour  for  y>>'1* 
This  result  is  derived  in  Appendix  I. 

As  the  terrain  exponent,  v,  increases  and  the  barrier 
becomes  more  localized  and  sharply  peaked,  the  maximum  pres¬ 
sure  perturbation  increases,  but  tends  to  a  finite  value  as 
M-+00.  The  position  of  the  maximum  pressure  tends  to  the 
constant  value  (2m)"  1/2  as  y  increases.  By  way  of  compari¬ 
son,  note  that  the  maximum  terrain  slope  occurs  at 
I X  I  =  (  2ju+  1  )  "  1  7  2 .  So,  for  relatively  broad  barriers,  such  as 
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Figure  11.  Magnitude  of  the  extreme  pressure  perturbation,  P 
(Fig.  11a),  and  its  position,  Xm  (Fig.  11b),  vs.  horizontal  length 
scale  ratio,  y=a/b,  for  terrain  exponent  ju=1/2,  1,  3/2,  and  2. 
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v= 1 ,  the  position  of  the  greatest  pressure  perturbation  is 

somewhat  farther  from  the  barrier  top  than  the  position  of 

maximum  slope.  For  more  peaked  barriers,  with  m>>1,  the  two 

positions  nearly  coincide. 

Turning  once  again  to  Figs.  9  and  10,  note  that  the 

perturbation  in  the  three-dimensional  case  falls  off  more 

rapidly  with  distance  downstream  of  the  barrier  than  in  the 

two-dimensional  flow.  For  example,  in  Fig.  9,  the  -0.25 

pressure  contour  for  P_^  intersects  the  Y=0  axis  at  X=  1 . 9 , 

whereas  for  P  it  extends  to  X=2.7.  In  Appendix  F, 

2S 

asymptotic  expansions  of  the  pressure  fields  as  X->®  are 

derived.  The  leading  terms  in  such  expansions  are  found  to 

be  closely  related  to  the  barrier  cross-sectional  area,  A, 

and  to  the  terrain  volume,  V,  (introduced  in  Chapter  4)  in 

the  infinite  ridge  and  isolated  hill  cases,  respectively. 

In  the  v  =  3/2  case,  where  both  A  and  V  are  finite,  the  two- 

dimensional  flow  pressure  perturbation  falls  off  as  X'1, 

whereas  the  three-dimensional  solution  goes  as  X'2,  as  X-»®. 

If  A  or  V  is  infinite,  as  can  occur  for  smaller  n  values, 

the  fields  decay  more  slowly.  See  Appendix  F  for  details. 

Because  P  falls  off  slowly  with  X  compared  to  P  ,  the  max- 
2  S 

imum  difference  between  these  fields  is  displaced  well  down¬ 
stream  relative  to  the  position  where  P„  or  P  has  its 

2S  3 

extreme  value.  For  example,  if  m  =  3/2  and  y=1/4,  as  in 

Fig.  10,  the  maximum  pressure  perturbation  is  about  0.5  and 

occurs  at  | X | =  0 . 8 ,  at  which  point  the  terrain  height  field 

H=0.5,  whereas  the  maximum  value  of  |P  -P  |  =  0 . 0 5 4  at 

3  2S 


■ 
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| X | =2 . 82 ,  with  H=0 . 037 . 

The  manner  in  which  the  pressure  field  changes  with  the 
eccentricity  of  the  elliptical  terrain  is  now  examined  in 
more  detail.  In  Fig.  12a,  the  magnitude  of  the  pressure 
perturbation  along  the  Y=0  axis  is  shown  for  y=1  (circular 
barrier),  1/2,  1/4,  1/8,  and  0  (two-dimensional  flow).  The 

cases  presented  are  for  the  terrain  exponent  m=1  and  2.  The 
shape  of  the  pressure  curve  and  its  variation  with  y  is 
qualitatively  the  same  for  each  m.  Fig.  12b  shows  the  dif¬ 
ference,  P3~P2'  between  the  pressure  field  near  an  isolated 
three-dimensional  barrier  ( y >0 )  and  an  infinite  ridge  (y  =  0). 
Note  that  the  ordinates  of  Figs.  12a  and  12b  are  not  plotted 
to  the  same  scale. 

In  Appendix  H,  an  expansion  (H.11)  is  derived  to  deter¬ 
mine  the  nature  of  the  limit  as  y-+0.  It  is  found  that  the 
three-dimensional  pressure  perturbation,  P^,  can  be  expressed 
as  the  sum  of  the  two-dimensional  slice  pressure  field, 

P2S,  plus  a  correction  term  (H.12)  that  vanishes  as  y2lny  as 
y-»0.  Some  numerical  examples  are  now  considered  to  see  how 
small  y  needs  to  be  in  practice  for  the  two-dimensional 
slice  solution  to  serve  as  a  good  approximation  to  the 
three-dimensional  one.  For  y  = 1 ,  one  finds  from  Fig.  12 
(recalling  that  P  (X,0)=P  (X))  that  the  maximum  of  P  -P 

Zb  Z.  J  Zb 

amounts  to  25-35%  of  the  maximum  of  P^,  with  the  exact 
percentage  depending  on  v .  This  relative  difference  drops 
to  about  10%  for  a  barrier  four  times  as  long  crosswind  as 
downwind  (y=1/4)  and  to  about  5%  for  y=1/8.  If  one  is 
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interested  only  in  the  extent  to  which  P ^  reproduces  the 

maximum  value  of  P  ,  rather  than  where  the  maximum  occurs, 

3 

then  y  need  not  be  as  small  in  order  to  get  an  acceptable 
approximation.  For  example,  from  a  higher  resolution  ver¬ 
sion  of  Fig.  11  it  was  found  that  the  maximum  value  of  P„ 
exceeds  the  maximum  value  of  P^  by  about  10%  when  y=1/3  and 
by  5%  for  y=1/5.  These  values  are  almost  independent  of  the 
terrain  exponent,  u. 

In  summary,  one  can  say  that  for  the  calculation  of  the 
surface  pressure  field,  the  flow  across  an  isolated  hill  can 
be  considered  essentially  two-dimensional  if  the  crosswind 
extent  of  the  barrier  is  greater  than  about  four  times  its 
width  in  the  direction  of  the  mean  wind. 


-f  > 


CHAPTER  6 


PRESSURE  PERTURBATION  FOR  FLOW  OVER  CURVED  RIDGES 
6 . 1  I n t roduct i on 

In  the  preceding  chapter,  the  pressure  perturbation 
induced  by  flow  over  an  elliptical  mountain  was  calculated 
as  a  function  of  the  barrier  orientation  and  eccentricity. 

In  the  present  chapter,  another  geometrical  variable  is 
introduced.  Here,  the  effect  of  curvature  (in  a  horizontal 
plane)  of  an  extended  mountain  ridge  on  the  pressure  field 
is  investigated. 

Very  few  papers  in  the  meteorological  literature  ad¬ 
dress  the  question  of  whether  or  not  the  large-scale  curva¬ 
ture  of  terrain  features  has  a  systematic  effect  on  cyclone 
development.  On  the  scale  of  lee  waves,  it  has  been 
reported  (Gerbier  and  Berenger,  1961)  that  'wave  effects  are 
more  pronounced'  for  flow  over  a  ridge  which  is  concave  to 
the  wind  and  less  pronounced  for  the  convex  case.  In  a 
mesoscale  numerical  modelling  study,  Ballentine  (1980)  found 
enhanced  precipitation  was  predicted  in  regions  where  the 
coastline  presents  a  concave  arc  to  the  low-level  flow. 
Petterssen  (1956)  mentions  variations  in  wind  speed  attri¬ 
butable  to  shoreline  curvature  effects.  However,  these 
coastal  effects  appear  to  be  a  consequence  of  the  distri¬ 
bution  of  surface  heating  rather  than  a  dynamical  effect  of 
terrain  shape.  On  a  larger  scale,  Carpenter  (1945),  on  the 
basis  of  data  for  two  winter  months  each  year  from  1920  to 
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1938,  suggested  that  low-pressure  centers  crossing  the  west 
coast  of  North  America  in  regions  of  concave  shoreline  tend 
to  develop  whereas  those  approaching  convex  coasts  weaken. 
Godev  (1971)  attempted  to  explain  Carpenter's  result,  and  a 
similar  observation  in  Europe,  in  terms  of  a  parameteri¬ 
zation  of  boundary  layer  turbulence.  Because  Godev' s 
arguments  do  not  seem  particularly  convincing,  the  details 
will  not  be  presented  here.  To  mention  just  one  difficulty, 
he  implicitly  assumes  that  there  exists  a  definite  relation 
between  curvature  of  the  vertical  profile  of  the  terrain  and 
its  curvature  in  a  horizontal  plane.  A  more  complete 
dynamical  model  than  considered  by  Godev  was  used  by  Tibaldi 
et  al.  (1980)  to  study  cyclogenesis  in  the  lee  of  the  Alps. 
In  their  numerical  model,  a  straight  barrier  leads  to  a 
weaker  cyclogenesis  than  a  mountain  which  is  convex  to  the 
incident  flow.  They  conclude  that  'the  arc  shape  of  the 
Alps  is  favorable  for  cyclogenesis,  but  is  not  strictly 
necessary'.  However,  it  would  be  difficult  to  justify 
application  of  this  result  to  the  development  of  low- 
pressure  centers  in  the  lee  of  extended  barriers  such  as  the 
Rockies.  The  present  work  will  address  the  much  more 
limited  question  of  what  effect  ridge  curvature  has  on  the 
magnitude  of  pressure  perturbations  in  a  steady,  linear, 
hydrostatic  model.  There  is  certainly  room  for  more  study 
to  determine  the  extent  to  which  terrain  curvature  effects 
enhance  or  inhibit  development. 
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Given  a  barrier  shape,  H(X,Y),  curvature  effects  can  be 
introduced  by  translation  of  the  barrier  along  the  X  axis, 
by  amounts  specified  by  a  function  X0(Y).  Variables  refer¬ 
ring  to  the  differentially  translated  (’curved’)  barrier 
will  be  denoted  by  angular  brackets,  so, 


<H(X,Y)>  =  H(X-Xo(Y),Y)  .  (6.1) 

From  the  definition  of  the  Fourier  transforms  in  (B.3),  one 
can  easily  show  that 


-  —  i  irY 

<H(tc;Y)>  *=  e  1KAo  h(k;Y) 


(6.2) 


and 


<H(k, A)> 


_1 

2tt 


-i (kXo+AY) 
e 

4 

—CO 


H(k;Y) 


dY  . 


(6.3) 


Although  some  progress  can  be  made  in  the  case  of  an 
isolated  barrier  for  which  H  contains  a  factor  of  exp(-Y2), 
results  are  presented  in  this  chapter  only  for  flow  over  an 
infinite  ridge.  If  an  uncurved  ridge  is  parallel  to  the  Y 
axis,  then,  H ( #c ; Y )  =  H(k)  is  independent  of  Y  and  can  be 
taken  outside  the  integral  in  (6.3).  Two  types  of  curved 
barriers  will  be  discussed,  a  parabolic  case  with  X0  =  r Y2 
and  a  sinusoidal  case,  X0  =  AcosfiY,  where  r,  A  and  Q  are 
parameters  controlling  the  degree  of  curvature.  For  the 
most  part,  results  will  be  limited  to  the  Agnesi  ridge 
profile,  H  =  1/1+X2.  The  parabolic  case  is  considered 
first. 
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6 . 2  Parabol ically  curved  ridge 


For  the  case  of  X0  =  r Y2,  the  integral  (6.3)  can  be 
explicitly  evaluated  for  an  arbitrary  infinite  ridge.  From 
GR  (p.  395)  one  obtains 


<H(k, X) > 


sign(<T>) 


(6.4) 


Substituting  (6.4)  into  (B.5)  gives  a  complicated  double 
integral  for  the  pressure  <P> .  Further  progress  was  made, 
however,  in  the  special  case  of  an  Agnesi  barrier,  and  along 
Y=0  for  an  arbitrary  one. 

In  the  Y=0  case,  the  X  integration  can  be  done  (GR, 
p  428)  in  terms  of  Bessel  functions,  J0  and  N0  : 


<P(X,0)>  = 


(6.5) 


-sign (t ) 


Mi 


I*5  H(k) 


j  {l5<l}+i=N  (ie<  |) 


i(k(X-5)-^s/4) 


d< 


where  s=sign(KT)  and 


(6.6) 


For  the  singular  barrier,  H=1//X,  (6.5)  can  be  explicitly 

evaluated  in  terms  of  elementary  functions  but  the  results 
will  not  be  presented  here.  Instead,  consider  the  Agnesi 
ridge  case,  H  =  1/(1+X2),  with  Fourier  transform 
H(k)  =  exp(- | k | )/2 .  For  this  ridge  profile,  an  analytical 
expression  for  the  pressure  was  found  only  at  the  point 
(X=£ , Y=0 ) .  From  GR  (p.  711),  <P(£,0)>  can  be  written  in 
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terms  of  hypergeometric  functions,  which,  in  turn,  are  found 
to  reduce  to  elliptic  integrals  (GR,  pp.1016,  1019,  1045). 
The  result  obtained  is 


<PU,o)> 


-x1/2 

2(1+X2)3^ 


'V 


2(E(k+)+E(k_)}  -  K(k+)  -  K(kJ 


(6.7) 


where 


1 

2 


1  ± 


1 

(l+X2)^  - 


(6.8) 


Although  (6.7)  refers  only  to  a  single  point,  it  serves  as  a 
useful  check  on  answers  obtained  numerically  by  other  means. 

In  another  attempt  to  evaluate  the  pressure  field  for 
the  Agnesi  barrier,  the  double  integral  obtained  by  substi¬ 
tuting  (6.4)  into  (B.5)  was  transformed  using  the  elliptical 
polar  coordinates  (B.2).  Carrying  out  the  p  integration 
(GR,  p.  317),  and  introducing  a  new  variable,  a>,  by 


sinhtu  =  y  tan<{>  , 


(6.9) 


the  pressure  perturbation  can  be  expressed  as 

1  (f(X,Y;u>)  +  f(X,-Y;u>)}  da>  , 


<P(X,Y)>  =  - 


*yM2  0; 


(6.10) 


where 


f(X,Y;to)  = 


sin(  arctanri  -  signi  ) 


(l+n2) 


3/4 


(6.11) 


and 


=  <slnh“>  +  QlDi  +  X  .  tY2  . 


4ty 


(6.12) 
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To  study  the  behavior  of  the  pressure  field  as  the 
parameter,  r,  (and  hence  the  curvature  of  the  ridge)  is 
varied,  the  expression  (6.10)  was  evaluated  numerically 
using  a  200  point  Simpson’s  rule  (see,  for  example,  Gerald, 
1978,  p.  214)  with  a>=5  as  the  upper  integration  limit.  Test 
runs  with  1000  points  and  an  upper  limit  of  10  gave  results 
differing  only  by  one  unit  in  the  fifth  place  after  the 
decimal.  First  consider  the  pressure  perturbation  along  the 
Y=0  axis.  Results  to  be  shown  here  are  based  on  (6.10), 
although  some  calculations  were  done  using  (6.5)  as  well. 
Both  methods  took  about  the  same  amount  of  computer  time. 

In  Fig.  13,  <P>  is  plotted  as  a  function  of  X  for  the 
uncurved  ridge,  7=0  (dashed  curve)  and  the  parabolically 
curved  cases,  ry2= 1/32,  1/8,  and  1/2.  The  special  points, 
X=£,  defined  by  (6.6),  for  which  <P>  can  be  checked  using 
(6.7),  are  marked  on  the  r>0  curves.  Note  that  positive 
values  of  r  correspond  to  a  barrier  which  is  convex  to  the 
incoming  flow.  The  concave  case  is  obtained  simply  by 
changing  the  signs  of  P  and  X.  On  the  lee  (concave)  side  of 
the  barrier  (X>0),  there  is  a  monotonic  progression  to  per¬ 
turbations  of  smaller  magnitude  as  r  increases. 

On  the  upstream  (convex)  side  of  the  ridge,  the  varia¬ 
tion  with  r  is  not  so  simple.  For  small  values  of  r,  the 
pressure  is  slightly  larger  than  for  a  straight  barrier 
( r=0 ) ,  with  the  extreme  perturbation  occurring  closer  to  the 
ridgeline.  The  maximum  extreme  value  (about  .567)  is 
attained  for  ry2  near  1/8,  with  smaller  maxima  for  larger 
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values  of  r.  For  the  ry2  = 1/2  case,  the  pressure  perturba¬ 
tion  is  noticeably  less  than  for  the  straight  ridge  case  if 
X  is  less  than  about  1.  The  magnitude  of  the  change  in  the 
pressure  field  induced  by  ridgeline  curvature  is  greatest  on 
the  concave  side  of  the  barrier. 

If  the  ridgeline  is  given  by  X=X0(Y),  then  the  radius 
of  curvature  of  the  ridge,  normalized  by  the  length  scale, 
a,  is  defined  by 


R  = 
c 


- 

fdX  1 

21 

1  +  Y2 

o 

^dY  J 

3/2 


d^X 
2  ° 
Y  dYz 


(6.13) 


For  the  particular  case,  X0=r y2 ,  the  radius  of  curvature  is 


R 


,  fl  +  (2tYY ) 2) 3/2 

~  2ty2 


(6.14) 


The  minimum  value  of  R  is  R  =1/(2ry2)  which  occurs  at  Y=0. 

c  cm 

For  ry2  greater  than  about  1/2,  this  minimum  radius  of  curva¬ 
ture  is  comparable  to  the  streamwise  horizontal  scale  of  the 
ridge.  For  such  sharply  curved  ridges,  the  cross-section 
presented  to  the  incident  flow  is  relatively  small.  Con¬ 
sequently,  the  ridge  affects  the  flow  in  a  manner  compar¬ 
able  to  a  barrier  extended  along,  rather  than  across,  the 
mean  wind.  This  produces  a  general  reduction  in  the  magni¬ 
tude  of  the  pressure  perturbation,  as  ry2  is  increased 
beyond  1/2.  For  example,  for  ry2=1,  the  maximum  perturba¬ 
tion  is  less  than  0.5,  the  value  for  a  straight  ridge. 
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Although  (6.10)  is  convenient  for  calculating  <P>  at  a 
given  point  or  small  set  of  points,  it  is  unnecessarily 
expensive  for  two-dimensional  arrays  of  points.  Instead,  a 
discrete  Fourier  transform  method  (the  'Fast  Fourier  Trans¬ 
form'  )  can  be  used  to  approximate  the  Fourier  integrals 
defining  <P>  for  a  lattice  of  points  in  the  X-Y  plane.  The 
basic  procedure  is  outlined  in  Appendix  J.  In  the  cases  to 
be  discussed,  the  calculations  were  done  on  a  mesh  of  256  by 
256  points  with  a  grid  spacing  of  0.1  in  both  X  and  Y 
directions. 

To  examine  the  accuracy  of  the  calculation,  the 
discrete  Fourier  transform  result  is  compared  to  that  based 
on  a  Simpson's  rule  evaluation  of  (6.10)  in  Fig.  14.  The 
figure  illustrates  <P(X,Y)>  vs.  X  along  the  cross-sect  ions  Y=0 
and  Y=3,  for  the  case  of  ry2  = 1/8.  Along  both  lines,  the 
discrete  Fourier  transform  integration  underestimates  the 
Simpson's  rule  result.  The  latter  of  the  two  is  thought  to 
be  the  most  accurate  for  the  parameter  values  chosen.  The 
maximum  difference  between  the  values  given  by  the  two 
methods  is  about  5%  of  the  maximum  perturbation. 

In  Fig.  15a,  the  full  X-Y  variation  of  <P>  is  shown  for 
the  t y 2  = 1 /8  case,  based  on  the  discrete  Fourier  transform 
calculation  on  a  256  by  256  point  grid.  Fig.  15b  illus¬ 
trates  the  ry2=1/4  case.  The  region  shown  in  the  figures 
corresponds  to  the  innermost  61  by  61  points,  where  conta¬ 
mination  due  to  discontinuities  at  the  boundary  of  the 
computational  grid  is  minimized.  The  contour  interval  for 
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Figure  14.  Comparison  of  the  pressure  perturbation, 
<P>,  vs.  dimensionless  position,  X,  along  the  lines  Y=0  and 
Y=3,  for  flow  over  a  parabol ical ly  curved  Agnesi  ridge,  as 
calculated  by  a  Fast  Fourier  Transform  method  (solid  curves) 
or  Simpson's  Rule  integration  of  (6.10)  (dashed  curves). 
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the  plots  is  0.05,  except  for  an  extra  contour  level  of 
-0.375  to  delineate  the  minimum  pressure  more  clearly  in 
Fig.  15a.  The  dashed  curves  indicate  the  ridgeline  of  the 
height  field,  X=rY2.  If  the  barrier  did  not  induce  any 
transverse  velocity,  then  the  isobars  would  be  congruent  to 
the  ridge  in  the  height  field  and  the  magnitude  of  the 
extreme  perturbation  would  be  the  same  (0.5)  on  both  sides 
of  the  barrier.  However,  from  the  figures,  it  is  seen  that 
the  isobars  show  slightly  less  curvature  than  the  topo¬ 
graphic  contour.  Also,  as  mentioned  previously,  the  effect 
of  curvature  on  the  extreme  perturbation  is  greatest  on  the 
concave  side  of  the  ridge.  Finally,  note  that  a  comparison 
of  the  two  figures  shows  the  decrease  in  crosswind  length 
scale  (for  example,  compare  the  sizes  of  the  0.5  isobars) 
with  increasing  r,  as  has  been  discussed. 

6 . 3  Sinusoidally  curved  ridge 

The  second  type  of  ridge  that  was  studied  is  a  sinu¬ 
soidally  curved  one,  with 


X  =  AcosflY 


o 


(6.15) 


Employing  the  expansion  (GR,  p.  973) 


(6.16) 


in  (6.3),  in  the  infinite  ridge  case  (H ( k ; Y ) =H ( k ) ) ,  the 
integration  over  <p  can  be  performed  using  (0.11)  to  give  the 


1 


85 


terrain-height  Fourier  transform 

oo 

<H(k, A)>  =  H(k)  l  in  j  (-kA)  6(nfl-A)  .  (6.17) 

n*=-®  n 

Substituting  this  result  into  (B.5),  the  X  integration  is 
easily  done.  Assuming  that  the  remaining  integration  and 
summation  operations  can  be  interchanged,  this  leaves  the 
pressure  perturbation  in  the  form 


<P(X,Y)>  =  l  i 
n=-°° 


.n+1  in-QY 


k  H (k) 


_'3  n 


(~kA) 


1kX  , 
e  d< 


(6.18) 


This  is  an  interesting  form,  in  that  periodicity  in  Y,  that 
one  would  expect  on  the  basis  of  the  height  field,  is 
explicit.  However,  no  progress  was  made  with  the  integral 
in  (6.18),  except  for  the  n=0  term.  The  infinite  summation 
can  be  eliminated  in  favour  of  an  integral  by  using  (GR, 
p.  732): 


1  =  2 
(^Vn2^2)^  * 


|  Kq ( | k | t}  cos(ynftt)  dt 

0 


(6.19) 


Expressing  the  cosine  in  (6.19)  as  a  sum  of  complex  exponen¬ 
tials,  one  finds  upon  substitution  into  (6.18)  that  the  sum¬ 
mation  over  n  takes  the  form  (6.16),  with  the  result: 


<P (X, Y) > 


H(<)  Ko(|<t|) 


d<  dt  , 


(6.20) 


where 


x  -  X  -  xo(Y+rt)  . 


(6.21) 
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By  substituting  (6.3)  into  (B.5)  and  carrying  out  the  X 
integration,  one  can  show  that  an  expression  of  the  form 
(6.20)  holds  generally,  not  just  for  X0  given  by  (6.15).  In 
addition,  HU)  can  be  replaced  by  H(/c;Y)  in  (6.20). 

For  certain  terrain  forms,  the  k  integral  in  (6.20)  can 
be  evaluated  analytically.  However,  that  would  leave  a 
final  integration  which  would  likely  have  to  be  done  numer¬ 
ically,  as  in  the  X0=ty2  example.  In  view  of  this,  it  was 
decided  to  abandon  attempts  to  determine  <P(X,Y)>  based  on 
(6.18)  and  (6.20),  and  to  proceed  to  use  the  Fast  Fourier 
Transform  method  employed  in  the  previous  section.  The 
periodicity  of  the  terrain  height  implied  by  (6.15)  is  an 
added  advantage  to  using  the  Fourier  transform  approach,  as 
the  height  field  need  be  sampled  only  for  one  wavelength  in 
the  Y  direction.  The  grid  used  for  the  calculation  had  256 
points  at  a  spacing  of  0.1  in  the  X  direction  and  64  points 
at  a  spacing  of  0.0625  in  the  Y  direction.  The  result  for 
the  choice  of  parameters,  A  =  0.5  and  0= 7t/2  (which  implies  a 
wavelength  of  4  units  in  the  Y  direction),  is  plotted  in 
Fig.  16.  As  in  Fig.  15,  the  ridgeline  of  the  terrain  is 
shown  as  a  dashed  curve.  The  ridge  shown  in  Fig.  16  is 
somewhat  more  sharply  curved  than  the  examples  in  Fig.  15. 
One  can  show  from  (6.15)  in  (6.13)  that  the  minimum 
(positive)  radius  of  curvature  is  R  =1/(A&2).  For  the 

present  case,  R  =8/7t2^.81  intermediate  to  the  values  of 

cm 

R  =1  and  1/2  corresponding,  respectively,  to  the  ry2=]/2 
cm 

and  1  parabolic  ridges. 
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Figure  16.  As  in  Fig.  15,  except,  for  the  sinusoidal 
ridge,  defined  by  X0=Acos£2Y  in  (6.1),  with  A  =  0.5  and  fi=7r/2. 
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On  the  convex  side  of  the  areas  of  strong  curvature  of 
the  ridge,  the  appearance  of  the  isobars  is  qualitatively 
similar  to  Fig.  15.  In  the  concave  regions,  however,  there 
are  more  prominent  differences  between  the  parabolic  and 
sinusoidal  ridges.  In  the  former  case,  there  is  a  closed 
pressure  contour  in  each  concavity,  but,  in  the  latter  case 
there  is  only  a  saddle  point.  For  the  example  of  Fig.  16, 
the  magnitude  of  the  perturbation  at  this  point  is  about 
.42,  a  larger  value  than  comparably  curved  parabolic  bar¬ 
riers.  For  example,  the  magnitude  of  the  extreme  perturba¬ 
tion  on  the  convex  side  of  the  barrier  is  only  about  .3  and 
.25  for  r y 2  =  1 /2  and  1,  respectively.  Therefore,  one  must 
consider  the  pattern  of  curvature  along  a  ridge,  not  just 
the  maximum  curvature,  in  estimating  the  effect  of  horizon¬ 
tal  deformations  of  the  ridge  on  the  pressure  perturbation. 

In  the  context  of  a  simple  model,  this  study  of  barrier 
curvature  effects  has  shown  that  the  perturbation  is 
slightly  enhanced  on  the  convex  side  of  a  moderately  curved 
ridge  segment.  However,  if  the  radius  of  curvature  is  so 
small  as  to  be  comparable  to  the  length  scale  of  the  terrain 
parallel  to  the  mean  flow,  then  there  can  be  a  decrease  in 
the  magnitude  of  the  extreme  perturbation.  The  effect  of 
ridge  curvature  was  found  to  be  stronger  on  the  concave  side 
of  the  barrier,  with  the  strength  of  the  perturbation 
decreasing  as  the  curvature  increases. 
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CHAPTER  7 


TRANSVERSE  PERTURBATION  VELOCITY,  STREAMLINE  DEFLECTION  AND 

HORIZONTAL  DIVERGENCE 


An  important  difference  between  flow  over  an  isolated 
three-dimensional  hill  and  that  over  an  extended  ridge  is 
the  existence  of  a  non-zero  transverse  velocity,  v',  in  the 
former  case.  Perhaps  the  most  interesting  aspect  of  the 
comparison  of  the  two-  and  three-dimensional  pressure  per¬ 
turbations  in  Chapter  5  is  that  the  maximum  difference 
occurs  along  the  Y=0  axis,  even  though  the  transverse  veloc¬ 
ity  is  zero  there,  for  an  unrotated  barrier  (\p= 0).  Because 
of  the  lateral  symmetry  of  the  barrier,  the  motion  occurs  in 
a  vertical  plane  along  Y=0  even  for  the  fully  three- 
dimensional  barrier.  However,  the  quantity  dv' /dy  is  not 
zero  for  the  three-dimensional  case,  and  so  can  be  used  as  a 
measure  of  the  departure  from  two-dimensional  flow  (where 
3v'/9y=0).  Another  convenient  parameter  to  study  is  the 


horizontal  divergence,  D  ,  which  is  defined  as 

H 

=3u'  3v' 

H  9x  By 


(7.1) 


A  non-zero  value  for  dv'/dy  changes  the  vertical  motion 
field,  relative  to  the  two-dimensional  case,  through  the 
continuity  equation  (3.4),  and  ultimately  the  pressure 
field,  through  the  adiabatic  equation  (3.12).  As  will  be 
seen  shortly,  9u'/9x  is  also  different  in  the  two-  and 
three-dimensional  flows. 
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Each  of  the  terms,  du'/dx  and  dv'/dy,  and  consequently, 
D  ,  attains  its  maximum  value  directly  over  the  barrier,  at 
R=0.  This  is  intimately  related  to  the  fact,  mentioned 
previously,  that  the  pressure  gradient  is  also  a  maximum 
there.  This  follows  from  the  relation  between  the  velocity 
and  pressure  fields  given  in  (3.27)  and  (3.31)  or  in  the 
horizontal  momentum  equations  (3.1)  and  (3.2).  For  the 
particular  barrier  (4.1),  analytical  results  for  the  veloc¬ 
ity  derivatives  and  divergence  could  be  obtained  using  the 
explicit  expressions  for  the  pressure  derived  in  Appendix  D. 
However,  for  the  most  part,  in  the  present  study  it  will  be 
sufficient  to  examine  the  region  near  R=0  where  calculation 
is  considerably  simplified  and  tedious  differentiations  of 
the  pressure  field  need  not  be  done. 

Evaluation  of  du'/dx,  dv'/dy,  and  D  at  R=0,  for  an 

H 

arbitrary  elliptical  barrier  is  considered  in  Appendix  F. 

The  horizontal  divergence  at  R=0  is  found  to  be  independent 
of  the  barrier  orientation  angle,  \p ,  but  the  relative  con¬ 
tributions  of  du'/dx  and  dv'/dy  to  the  divergence  vary  with 
both  ^  and  the  measure  of  eccentricity,  y.  Fig.  17  shows 
the  divergence  and  velocity  derivatives  for  the  unrotated 
case,  \[/= 0,  normalized  by  the  divergence  for  an  infinite 
ridge  having  the  same  downwind  scale,  a,  as  a  function  of 
y=a/b.  The  stretching  of  the  flow  along  the  direction  of 
the  incident  wind,  as  measured  by  du'/dx,  is  seen  to 
decrease  as  the  crosswind  extent,  b,  of  the  barrier 
decreases  (that  is,  as  y  increases).  At  the  same  time,  the 
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Figure  17.  Horizontal  divergence,  DH(y),  and  the  ve¬ 
locity  derivatives,  bu' /bx  and  dv  /by,  at  the  terrain  peak 
(R=0),  normalized  by  the  value,  DH(0)=INho/a  (see  Eq.  F.11), 
of  divergence  for  the  infinite  ridge  case  (y=0),  vs.  the 
horizontal  length  scale  ratio,  y=a/b. 
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contribution  to  divergence  from  the  transverse  velocity, 
dv'/dy,  increases,  until,  for  a  circular  barrier  (y=1)  the 
stretching  is  equal  along  the  x  and  y  axes  Ou'/dx  = 

3v'/9y).  For  a  very  narrow  ridge  (7-+®)  the  horizontal 
divergence  becomes  indefinitely  large. 

As  a  further  comparison  of  the  divergence  field  in  the 
two-  and  three-dimensional  flow  situations,  Fig.  18  illus¬ 
trates  the  horizontal  divergence  along  the  Y=0  axis  for 
the  circular  hill  (y=1)  and  infinite  ridge  (y  =  0)  cases  with 
terrain  exponent  n=3/2.  The  divergence  is  normalized  by  the 
factor  Nh0/a,  which  has  the  value  10"3  s'1  for  N  =  0.01  s"  1  , 
h0  =  1  km,  and  a  =  10  km. 

To  see  the  effect  of  the  different  distributions  of 
horizontal  divergence  on  the  vertical  movement  of  an  air 
parcel  crossing  the  barrier,  one  can  integrate  the  con¬ 
tinuity  equation  (3.4)  with  respect  to  x  (dropping  the  com¬ 
pressibility  terms).  Then  using  (3.10)  one  obtains  the  rate 
of  change  of  the  streamline  displacement  in  the  vertical: 


x 


n  (x,y)  =  - 


DH(x%y)  dx 


(7.2) 


Substituting  for  the  horizontal  divergence  from  (7.1)  gives 


(7.3) 


Here,  following  Smith  (1980),  the  crosswind  displacement,  6, 
of  a  surface  streamline  from  its  upstream  position  has  been 
introduced,  being  defined  by 
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Figure  18.  Horizontal  divergence,  DH ,  vs.  dimension¬ 
less  position,  X,  along  Y=0,  for  the  circular  hill  (y^l)  and 
infinite  ridge  (y=0)  cases,  normalized  by  the  factor  Nh0/a. 
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x 

6(x,y)  =  ~  I  v'(x',y)  dx'  .  (7.4) 

U  J 

— CO 

From  (7.2),  it  is  seen  that  77  is  proportional  to  the  area 

z 

under  a  plot  of  horizontal  divergence,  such  as  given  in 
Fig .  18. 

Far  downstream  of  the  barrier  (x-»®),  the  x  component  of 
the  perturbation  velocity,  u',  vanishes,  so  that  (7.2)  and 
(7.3)  reduce  to 


6 

y 


(x=® ,y)  =  -n  (x=°°,y)  = 


00 

* 

DH(x%y)  dx'  • 

« 

— 00 


(7.5) 


For  the  circular  barrier  case,  Smith  (1980)  obtained  a 
positive  value  for  the  integral  (7.5)  near  y=0.  He  showed 
this  to  be  an  indication  that  surface  air  parcels  traversing 
the  barrier  suffer  a  horizontal  deflection  which  persists 
inf initely-f ar  downstream,  with  a  compensating  descent  of 
air  from  above.  For  two-dimensional  flows  however,  there  is 
no  lateral  deflection  of  streamlines  or  permanent  sinking  of 
air  far  downstream.  As  a  consequence,  the  integral  (7.5) 
vanishes.  Fig.  18  provides  a  visual  indication  of  the  can¬ 
cellation  of  divergence  and  convergence  as  an  air  parcel 
passes  the  barrier  in  the  two-dimensional  flow  situation. 

In  the  three-dimensional,  case  the  increased  divergence  over 
the  mountain  dominates  the  weaker  convergence  away  from  the 
peak  so  as  to  give  a  net  positive  result  for  (7.5),  as 
indicated  above. 
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Additional  information  about  the  transverse  perturba¬ 
tion  velocity,  v',  and  the  deflection,  6,  can  be  obtained 
from  results  already  presented  for  the  pressure  field  by 
using  the  relation  (3.31).  This  equation  implies  that  for 
flow  over  an  unrotated  elliptical  barrier,  characterized  by 
a  ratio  of  horizontal  length  scales  y=a/b,  the  velocity  per¬ 
turbation  is  expressible  directly  in  terms  of  the  pressure 
field  for  a  barrier  for  which  y  has  been  replaced  by  1/y. 

For  the  symmetric  terrain  considered  here,  this  is  equiva¬ 
lent  to  rotating  the  mountain  by  90°.  So,  for  example, 

Fig.  11,  showing  the  position  and  magnitude  of  the  maximum 
pressure  perturbation,  also  gives  the  corresponding  quanti¬ 
ties  for  the  normalized  transverse  velocity,  v'/Nh0,  if  one 
replaces  y  with  1/y.  Similarly,  the  x-y  plot  of  pressure 
given  in  Fig.  8a  (y=1/2)  can  be  interpreted  as  a  plot  of 
v'/Nho  (rotated  90°)  for  the  barrier  of  Fig.  8b  ( y  =  2 )  . 

For  an  elliptical  barrier,  with  axes  along  the  x  and  y 
directions,  the  pressure  field  is  positive  or  negative 
according  to  whether  x  is  negative  or  positive,  respec¬ 
tively.  The  relation  (3.31)  then  implies  that,  for  three- 
dimensional  flow,  the  surface  transverse  velocity  is 
positive  for  y>0  and  negative  for  y<0.  This  is  certainly 
what  one  would  expect  on  the  upwind  side  of  the  barrier  but 
may  not  be  intuitively  obvious  on  the  lee  side.  Since  v'  is 
found  to  have  the  same  sign  in  the  entire  half  plane,  y>0, 
the  integral  (7.4)  for  the  lateral  streamline  deflection,  6, 
is  a  monotonically  increasing  function  of  x  and  the  maximum 
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deflection  is  attained  at  x=®.  Smith  (1980)  stated  an 
equivalent  result  for  the  circular  barrier  case  with  m=3/2, 
but  the  above  argument  shows  that  the  essential  nature  of 
the  streamline  deflection  is  unchanged  if  one  generalizes  to 
elliptical  mountains  having  a  single  low-pressure  region  in 
the  lee. 

Smith  (1980)  also  presented  a  formula  for  the  stream¬ 
line  deflection  far  downstream,  6(x=»,y),  in  terms  of  the 

A 

Fourier  transform,  A(^),  of  the  x-z  cross-sectional  area, 
A(y),  of  the  terrain: 

► 

e“i£y  A(y)  dy  ,  (7.6) 

— co 


6(x=oo,y) 


CO 

j  sign(£)  A(£)  ei£y 

— OO 


<U  . 


(7.7) 


For  the  particular  barrier  (4.1),  A(y)  is  given  by  (4.6)  and 
from  GR  (p.  426)  one  finds 


AU) 


A  =  £b 


(7.8) 


Substituting  this  into  (7.7)  gives 

2Nah  _ 

6(x=cx>}y)  =  — — 0.  Y  F(l,u;y;-Y2)  ,  (y>^)  .  (7.9) 

U 

The  deflection  is  seen  to  be  directly  proportional  to  the 
downwind  width  of  the  barrier,  a.  The  distance,  b,  charac¬ 
terizing  the  crosswind  extent  of  the  mountain,  enters  the 
expression  only  through  the  coordinate  Y=y/b.  In  the  limit 
of  a  long  crosswind  ridge,  b  tends  to  infinity.  As  a  con¬ 
sequence,  Y->0  for  any  finite  y,  which  in  turn  implies  that 
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that  6(x=°°,y)->0.  This  is  the  expected  result  as  the  two- 
dimensional  flow  limit  is  approached. 

Note  that  the  hypergeometric  function  appearing  in 
(7.9)  is  almost  the  same  as  that  giving  the  two-dimensional 
pressure  perturbation,  P2(X),  so  that  expressions  for  6  in 
terms  of  elementary  functions  for  some  special  values  of  y 
can  be  obtained  from  Table  4  in  Appendix  D.  For  example, 
for  3/2  the  simplified  form  is 


6(x=°°,y) 


2Nah 

a 

u 


Y 

1+Y2 


(7.10) 


This  is  consistent  with  the  result  given  by  Smith  (1980)  for 
the  circular  barrier  (a=b) . 

The  case  in  which  the  terrain  exponent  n=\/2  is 
somewhat  exceptional,  for  then  the  derivation  of  (7.9)  based 
on  Fourier  transformation  fails.  This  is  because  the  bar¬ 
rier  cross-sectional  area,  A(y),  becomes  infinite,  as  indi¬ 
cated  in  Chapter  4  (see  (4.6)).  However,  direct  integration 
of  the  transverse  velocity  perturbation,  as  in  (7.4),  in  the 
circular  barrier  case,  shows  that  the  formula  (7.9)  actually 
does  apply  for  y=1/2  if  a=b.  The  hypergeometric  function  in 
this  case  becomes 


F(1 


LI. 
’  2  ’  2; 


arctan(Y) 

Y 


(7.11) 


so  that  (7.9)  reduces  to 

2Nah 

6(x=°°,y)  =  — 3 — ^  arctan(Y)  ,  (y=ii)  •  (7.12) 

U 


Note  that  for  y=1/2,  the  maximum  deflection  at  x=®  occurs  as 
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y->®,  even  though  the  lateral  velocity,  v', 
this  limit.  For  larger  values  of  u,  the  t 
falls  off  more  quickly  away  from  the  peak, 
deflection  has  a  maximum  at  a  finite  value 


tends  to  zero  in 
rrain  height 
and  the  lateral 
of  Y. 


CHAPTER  8 


INTRODUCTION  TO  MOUNTAIN  WAVE  DRAG  AND  TRANSVERSE  FORCE 


8 . 1  Introduction 


Even  in  the  absence  of  friction,  stably  stratified  air 
flowing  over  a  barrier  can  experience  a  net  retarding  force, 
or  drag,  due  to  momentum  transferred  to  the  surface  by  moun¬ 
tain  waves.  This  drag  is  associated  with  the  asymmetrical 
surface  pressure  distribution,  discussed  in  Chapter  5,  with 
high  pressure  on  the  upwind  side  of  the  barrier  and  low 
pressure  in  the  lee.  As  indicated  in  Chapter  3,  the  hydro¬ 
static  theory  employed  in  this  thesis  is  intended  to  be 
applied  to  barriers  with  a  horizontal  length  scale,  L,  such 
that  NL/U  -  10.  For  typical  atmospheric  values  of  U  and  N, 
this  criterion  suggests  a  mountain  half-width  of  the  order 
of  10  km,  or  somewhat  greater.  As  it  happens,  hydrostatic 
waves  generated  by  flow  over  barriers  of  this  scale  are 
particularly  efficient  in  transporting  energy  and  momentum 
vertically  (Klemp  and  Lilly,  1980).  In  view  of  the  special 
physical  role  of  hydrostatic  mountain  waves,  it  was  decided 
to  study  the  relation  between  the  force  on  the  terrain  sur¬ 
face  and  some  geometrical  features  Of  the  terrain,  using  the 
simple  model  considered  in  previous  chapters. 

For  a  linear,  non-hydrostatic  flow  over  a  series  of 
infinitely-extended  crosswind  ridges,  each  having  a  half¬ 
width  of  2  km,  Sawyer  (1959)  calculated  that  the  wave  drag 
can  be  comparable  to  the  frictional  drag  due  to  the 
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roughness  of  the  surface.  Blumen  (1965)  extended  this  sort 
of  calculation  to  three  dimensions,  using  ridges  parallel  or 
perpendicular  to  the  mean  wind,  formed  by  superimposing  a 
series  of  circular  barriers  of  the  type  studied  by  Crapper 
(1959).  By  numerically  computing  the  drag  for  an  airflow 
with  realistic  vertical  profiles  of  wind  and  stability  over 
a  region  of  complex  terrain  in  Wales,  Bretherton  (1969)  was 
able  to  confirm  the  order  of  magnitude  of  the  wave  momentum 
flux  suggested  by  the  earlier  studies.  While  it  is  impor¬ 
tant  to  understand  the  effect  on  the  drag  of  a  superposition 
of  individual  mountains  (which  gives  a  realistically  complex 
barrier),  there  is  still  much  to  be  learned  using  the 
simpler  terrain  forms  and  flow  of  the  present  study. 

In  the  following,  the  drag  on  a  linear,  hydrostatic 
flow  over  a  variety  of  elliptical  mountains  is  determined  as 
a  function  of  the  barrier  steepness,  eccentricity,  and  ori¬ 
entation.  It  is  also  shown  that  the  force  exerted  by  a 
mountain  on  the  air  can  have  a  significant  component  perpen¬ 
dicular  to  the  incoming  flow  for  some  barrier  orientations. 
The  basic  formulae  for  the  force  components  are  presented  in 
the  next  section.  In  an  attempt  to  clarify  the  dependence 
of  the  drag  on  the  vertical  profile  of  the  barrier,  calcu¬ 
lations  for  two-dimensional  flow  over  infinitely-extended 
crosswind  ridges  are  presented  in  Chapter  9.  Isolated 
three-dimensional  hills  are  treated  in  Section  9.4  and 
Chapter  10,  which  deal  with  the  drag  per  unit  crosswind 
length  and  the  total  force,  respectively. 


* 
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Increased  understanding  of  the  momentum  flux  associated 
with  mountain  waves  was  a  goal  of  the  ALPEX  (Alpine 
Experiment)  Subprogram  of  the  Global  Atmospheric  Research 
Program  of  the  World  Meteorological  Organization  (Kuettner 
and  O'Neill,  1981).  The  inclusion  of  such  fluxes,  in  param¬ 
eterized  form,  in  large  scale  numerical  weather  prediction 
models,  is  also  of  current  interest  (Klemp  and  Lilly,  1980). 
Since  terrain  necessarily  appears  in  numerical  models  in  an 
idealized,  usually  smoothed,  form,  the  effect  of  terrain 
smoothing  on  wave  drag  is  also  considered  in  the  present 
work,  in  Chapter  11. 


8 . 2  Basic  expressions  for  wave  drag  and  transverse  force 

In  this  section,  basic  integral  formulae  are  presented 
for  the  drag  and  related  quantities  for  unsheared,  linear, 
hydrostatic  flow. 

Let  F'=(D',T')  be  the  horizontal  force  exerted  by  an 
airstream  on  a  mountain,  due  to  the  pressure  perturbation 
associated  with  mountain  waves.  D'  is  termed  the  wave  drag 
because  D'>0  implies  a  force  on  the  air  in  the  direction 
opposite  to  the  incoming  uniform  airflow.  T'  is  the  force 
component  transverse  to  the  mean  flow.  Neglecting  small 
quadratic  terms  involving  the  terrain  slope, 

Vh= ( 3h/3x , 3h/3y ) ,  F'  is  defined  by 
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F"  = 


t'(y)  dy  = 


— -oo 


P^Cxjy)  Vh  dx  dy  , 


(8.1) 


— OO  — oo 


where  f  '  =  ( c3  '  ,  t "  )  is  the  force  per  unit  crosswind  length. 

Using  (3.21)  and  (3.19)  (with  the  +  sign)  to  determine 
the  pressure  field,  one  has 


i  p  U  N 
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oo 


00  oo 

'  k  h(k, £)  +  i (kx+£y ) 

l 


dk  dJl  dx  dy 


(8.2) 


A 

where  h(k,-0  is  the  Fourier  transform  of  the  terrain  height, 
defined  by  (3.17).  Integration  by  parts,  with  respect  to  x 
and  y,  in  the  integrals  for  D'  and  T' ,  respectively, 
assuming  the  terrain  height  vanishes  as  |  x  |  -*»  and  |  y  |  -►0D ,  one 
obtains 


F"  =  (D",T')  =  4tt2  pQU  n 


k  k  ,  ~  .2 

TT  |h(k,£)  |  dk  d£  ,  (8.3) 


(k2+£2) 


where  k=  (  k  ,  ■( )  . 

In  a  similar  manner,  one  can  show  that  the  force  per 
unit  crosswind  length  is  given  by 


=  (d',t')  =  2ttp  U  N 


k  h  ~  9h*  i£y  ,,  ,n  ,  _  .  . 

- T—  (kh*,  1  —  )  e  dk  d£,  (8.4) 

(kZ+lV  3y 


where  h=h(k;y)  is  the  Fourier  transform  of  h(x,y)  with 
respect  to  x  alone,  defined  by  (3.26),  and  *  denotes  the 
complex  conjugate. 
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As  in  Chapter  5,  the  three-dimensional  flow  results  can 
be  compared  to  those  that  would  be  obtained  if  the  flow  were 
confined  to  vertical  planes  parallel  to  the  mean  wind.  In 
the  latter  case,  the  pressure  perturbation  in  (8.1)  is 
replaced  with  the  'two-dimensional  slice'  form,  given  in 
(3.25).  After  some  manipulation,  the  resulting  expression 
for  the  total  force  on  the  barrier  is 


(8.5) 


and  the  force  per  unit  crosswind  length  is 


oo 

r 


^2S  =  (d2S’t2S)  =  277poU  N  *  ( |  h  |  h* ,  i  sign(k)  |^*)  dk  .  (8.6) 


CHAPTER  9 


DRAG  PER  UNIT  CROSSWIND  LENGTH 

9 . 1  Drag  per  unit  crosswind  length  for  infinitely-extended 

ridges 

The  relation  between  the  shape  of  a  barrier  and  the 
resistance  it  presents  to  the  air  is  a  complicated  one. 
Before  discussing  aspects  of  this  relation  which  depend  on 
three-dimensional  flow,  first  consider  the  two-dimensional 
flow  over  a  uniform  ridge  which  extends  to  infinity  along 
the  y  axis,  perpendicular  to  the  mean  wind.  In  this  case, 
from  (8.5),  it  is  seen  that  the  total  drag  on  the  air  is 
infinite  and  the  transverse  force  component  is  zero,  since 
h(k;y)  becomes  independent  of  y.  However,  the  drag  per  unit 
crosswind  length,  d2  =  d'2s(y  =  0),  is  non-zero  and  finite. 
Scaling  the  terrain  height  by  h0  and  the  x  coordinate  by  a 
(see  Appendix  B),  a  non-dimensional  measure  of  d2  is 


d.  =  d:/(p  U  N  h2)  =  2tt 
2  2  o  o 


K |  | H(k) |  dK 


(9.1) 


where  H ( k ) =h ( k ; y=0 ) / ( ah0 )  and  *  =  ka.  Primary  determinants  of 
the  wave  drag  are  the  wind  speed,  U,  stability,  N,  and  the 
square  of  the  terrain  amplitude,  ho,  incorporated  in  the 
normalization  factor,  p0U  N  h§. 

Note  that  the  wave  drag  per  unit  crosswind  length  is 
independent  of  the  parameter,  a,  the  length  scale  along  the 
direction  parallel  to  the  incident  flow  over  an  infinitely- 
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long  ridge.  This  implies  that  the  value  of  d^  is  the  same 
for  a  barrier  H(X)  and  for  one  related  to  it  by  changing  the 
horizontal  scale  through  a  dimensionless  factor,  a,  to  give 
H(X/a).  See  Appendix  C  for  the  effect  of  this  scale  trans¬ 
formation  on  other  variables.  The  invariance  of  d2  with 
respect  to  a  complicates  the  discussion  of  the  relation 
between  drag  and  terrain  shape.  At  first  thought,  one  might 
suppose  that  the  maximum  terrain  slope  would  be  a  relevant 
parameter  in  the  determination  of  d^.  However,  it  is  not, 
at  least  in  the  most  straightforward  interpretation.  For 
example,  if  the  parameter,  a,  is  increased,  the  magnitude  of 
the  terrain  slope  decreases  everywhere.  As  a  consequence, 
the  pressure  field  falls  off  more  gradually  with  distance 
from  the  ridge.  The  result  is  that  the  net  force  on  the 
barrier  is  unchanged.  Hence,  it  is  terrain  shape  effects 
which  are  more  subtle  than  the  maximum  height  gradient  that 
determine  the  wave  drag. 

In  order  to  investigate  other  geometrical  factors 
affecting  the  drag,  the  pressure  perturbation  and  drag  per 
unit  length  were  calculated  for  a  wide  variety  of  terrain 
shapes.  Three  barrier  types  were  considered:  a  single 
symmetrical  ridge  for  which  the  height  decreases  mono- 
tonically  away  from  the  crest;  a  ridge  on  which  a  sinusoidal 
roughness  has  been  superimposed;  and,  finally,  a  combination 
of  two  single  ridges  displaced  from  one  another  by  an 
arbitrary  separation.  The  main  analytical  results  are 
derived  in  Appendices  L,  M,  and  N. 
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The  single  ridge  cases  will  be  discussed  first. 
Barriers  were  considered  with  dimensionless  terrain  height, 
H (X ) =h ( x ) /h0 ,  normalized  in  each  case  to  give  a  maximum 
value  of  H= 1  at  X=0.  The  specific  examples  used  are: 


;  a2  =  2y+l  , 
;  a2  =  2  , 


H  = 


(i-x2)ved-x2) 


In 


In  (6 


l±x: 

Ifi*) 


2oj 


arccot 


y2  +  cos2a) 


sin2w 


1  ,  Vil 

2v-l  ,  vil  » 


(9.2) 


_  6 _ 

((l+62)2+1262)^  -  (l+<52) 

(cos22w  +  3)^  4-  cos2w  , 


where  x2=X2/a2.  Here  a,  n,  v,  6,  and  u  are  dimensionless 
real  parameters  which  determine  various  character i st ics  of 
the  vertical  cross-section  of  the  terrain.  Although  a  can 
be  an  arbitrary  number  (see  Appendix  C),  the  particular 
values  of  a  given  in  (9.2)  are  those  for  which  the  extreme 
terrain  slopes  occur  at  X2=1.  6  is  a  step  function,  which 

is  0  or  1  according  to  whether  its  argument  is  negative  or 
positive,  respectively.  Limited  results  were  also  obtained 
for  several  other  terrain  forms,  as  indicated  in  Appendix  K. 

The  terrain  shapes  were  chosen  primarily  because  they 
give  rise  to  analytically  tractable  integrals  for  the  drag. 
However,  they  turn  out  to  be  closely  related.  For  example, 
replacing  a2  by  a2 u  in  the  u~type  terrain  and  taking  the 
limit  leads  to  the  exponential  (Gaussian)  form. 

Similarly,  gives  an  exponential  form  if  a2  is  chosen  as 
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a  linear  function  of  v .  The  logarithmic  and  arccot  ridges 
both  tend  to  a  ’Witch  of  Agnesi'  profile  in  appro¬ 

priate  limits,  namely,  5->1  and  co-+0.  A  rectangular  barrier, 
H=  6  (  1 -X 2  /a 2 )  ,  is  obtained  for  both  the  ^  =  0  and  u-*ir/2  cases. 
If  the  parameters  are  allowed  to  take  on  imaginary  values, 
further  connections  between  these  terrain  shapes  are  seen. 
For  example,  replacing  a  by  ia  and  v  by  -u,  the  v-type  ter¬ 
rain  goes  over  into  the  *i-type.  Noting  that  the  arccot  form 
can  be  written  as 


1 

4wi 


2ooi 

+  e 


-2ooi 

+  e 


(9.3) 


one  sees  that,  for  imaginary  values  of  u,  the  arccot  terrain 
shape  is  equivalent  to  the  logarithmic  one.  These  relations 
between  the  various  barrier  cross-sections  provide  useful 
checks  on  the  analytical  results. 

In  Fig.  19,  the  terrain  height  is  plotted  as  a  function 
of  the  dimensionless  coordinate,  X,  for  the  u,  v,  and  expo¬ 
nential  type  barriers.  The  examples  shown  have  values  of 
1/2  and  3/2  for  both  ^  and  v.  To  provide  a  basis  for 
comparing  the  barriers,  the  parameter,  a,  which  determines 
the  overall  horizontal  scale,  has  been  chosen,  as  in  (9.2), 
to  make  the  extremes  of  the  terrain  slope  occur  at  X2  =  1.  As 
suggested  by  previous  discussion,  the  choice  of  a  has  no 
effect  on  the  drag  per  unit  length,  d2.  Values  of  d2  are 
indicated  beside  each  curve,  increasing  from  2/tt^.  637  for 
the  m=1/2  case,  to  1.0  for  the  exponential  case  (correspond¬ 
ing  to  m=°°  and  y=»),  and  continuing  to  increase  to  infinity 
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Figure  19.  Normalized  terrain  height,  H,  as  a  function  of  the 
dimensionless  coordinate,  X,  for  the  ju ,  v  and  exponential  type  barriers 
defined  in  (9.2).  The  normalized  drag  per  unit  length,  d2,  is  marked 
beside  each  curve. 


109 


as  v  decreases  to  0.  The  analytical  results  in  Appendix  K 
(Y=0  in  Table  8)  show  that  the  drag  per  unit  length  for  the 
M-type  terrain  is  just  the  reciprocal  of  that  for  the 
v-type ,  if  . 

With  the  value  of  a  fixed  in  the  manner  described,  the 
variation  in  d2  is  seen  to  be  closely  related  to  the  maximum 
steepness  of  the  terrain.  However,  note  that  while  the 
v=^/2  and  v=0  ridges  both  have  infinite  slope  at  X2=1,  the 
wave  drag  per  unit  length  is  infinite  only  in  the  latter 
case.  Similarly,  examination  of  the  pressure  field  for 
these  cases  (Appendix  D)  shows  that,  in  spite  of  sharp  cor¬ 
ners  at  X 2  =  1 ,  the  maximum  pressure  perturbation  for  the 
v=]/2  case  is  finite,  while  that  for  >-  =  0  is  not.  It  is  not 
only  the  relative  steepness  of  the  barrier,  but  also  its 
smoothness,  that  determines  the  drag.  The  At-type  and 
Gaussian  height  fields  are  infinitely  differentiable,  giving 
Fourier  transforms,  H(k),  which  decrease  exponentially  fast 
for  large  wave  number,  k  .  The  resulting  drag  is  relatively 
small.  On  the  other  hand,  the  y-type  terrain  is  not  so 
smooth,  having  a  zero-order  discontinuity  in  the  v=0  case, 
and  having  at  most  a  finite  number  of  continuous  derivatives 
for  larger  v.  Consequently,  the  corresponding  H(k) 
decreases  only  algebraically  for  large  k,  leading  to  rela¬ 
tively  large  values  of  drag  per  unit  length. 

Fig.  20  illustrates  a  similar  family  of  curves, 
composed  of  the  logarithmic  and  arccot  forms  introduced 
earlier.  The  specific  parameters  for  this  example  are  6=10, 
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4,  and  1  in  the  logarithmic  case  and  cj=0,  45°,  75°  and  90° 
for  the  inverse  trigonometric  case  (with  6=1  and  w=0  corre¬ 
sponding  to  the  curve  marked  ^=1).  As  in  Fig.  19,  the  scale 
parameter,  a,  is  given  by  (9.2)  so  that  the  extreme  terrain 
slopes  occur  at  X2=1  for  each  curve.  With  this  constraint 
on  a ,  the  drag  increases  with  increasing  terrain  steepness, 
as  in  the  examples  of  Fig.  19.  Barriers  with  the  logarith¬ 
mic  height  profile  have  relatively  small  drag  for  all  values 
of  6.  However,  the  trigonometric  form  gives  large  drag  per 
unit  length  as  cj-»90°.  While  the  limits  v-+0  and  o>-*90°  both 
lead  to  the  same  barrier,  H=8(1-X2),  having  infinite  drag, 
the  arccot  profile  is  continuously  differentiable  for  all 
o)#90°,  whereas  the  v-type  terrain  is  not.  Therefore,  a  dis¬ 
continuity  in  the  height  field  or  its  derivatives  is  not  a 
necessary  condition  for  a  high-drag  barrier. 

Conversely,  there  are  barriers  with  a  sharp  corner  that 
have  a  relatively  low  drag.  One  example  is  a  ridge  with  a 
triangular  cross-section:  H= ( 1 - | X | /a ) 8 ( 1  - | X | /a ) .  In 
Appendix  K,  the  drag  per  unit  length  for  this  type  of  ridge 
is  shown  to  be  d2=  (  4/tt  )  ln2=.  8825  .  In  Fig.  21,  the 
triangular  height  profile  is  plotted  as  a  function  of  X  for 
a=1/2  and  a=2.  Several  other  barriers  having  the  same  value 
of  drag  per  unit  length  are  also  shown,  corresponding  to 
H  =  sech  (X/a )  ,  with  a=  1/ln(W2),  the  /i*1.981  case  in  (9.2) 
and  the  w=45°  ridges  having  a2=/3  and  1/V3.  These  examples 
illustrate  that  an  experienced  eye  or  a  keen  grasp  of  Fou¬ 
rier  transforms  would  be  required  to  judge  the  magnitude  of 
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the  wave  drag  from  a  visual  inspection  of  the  vertical 
profile  of  the  terrain  height. 

In  Fig.  22,  the  drag  per  unit  length  is  summarized  for 
the  various  single-ridge  cases  by  plotting  it  versus  the 

corresponding  maximum  normalized  pressure  perturbation,  P. 

2m 

for  flow  over  the  ridge.  This  form  of  presentation  was 
chosen  because,  like  d2  ,  P2m  is  independent  of  the  scale 
parameter,  a.  For  details  on  the  pressure  field 
calculations  refer  to  Appendix  D.  Simple  closed-form 
expressions  for  the  maximum  pressure  and  drag  exist  for  the 
logarithmic  and  arccot  barriers,  so  a  continuous  curve  of  d2 
versus  P2m  is  shown  for  these  cases.  However,  for  the  v~ 
and  v-type  terrain,  such  expressions  for  the  maximum  pres¬ 
sure  are  not  available.  Therefore,  only  a  few  representa¬ 
tive  values  are  plotted.  A  strong  positive  correlation  is 
seen  between  the  drag  per  unit  length  and  the  maximum  pres¬ 
sure  perturbation.  In  fact,  if  the  formula 


d 


2 


—  p 
2  2m 


+  A 


(9.4) 


is  used  to  summarize  the  results  for  P  <1,  then  |A|  is  less 
than  0.1  for  all  the  single-ridge  cases  studied.  One  should 
use  caution  in  applying  this  formula  for  P  >1  or  to  other 
barrier  shapes.  For  example,  in  the  limit  o>->90°,  as  the 
arccot  terrain  approaches  the  rectangular  form,  H=0(1-X2), 
the  ratio  of  d0  to  P0  tends  to  2,  rather  than  the  value  of 
7t/2  that  would  be  obtained  from  (9.4).  Also,  for  barriers 
which  do  not  have  a  simple  monotonic  decrease  of  height  away 
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Figure  22.  Normalized  drag  per  unit  crosswind  length, 
2,  versus  the  normalized  maximum  pressure  perturbation, 

2m,  for  various  barriers  defined  in  (9.2).  The  dashed 
curve,  labelled  by  6  values,  corresponds  to  the  logarithmic 
height  profile,  while  the  solid  curve,  labelled  by  u> 
values,  is  the  result  for  the  arccot  terrain.  The  point 
denoted  by  n  =  is  the  exponential  barrier. 
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from  the  ridgeline,  the  relation  between  d„  and  can  be 

Z  Zm 

far  from  linear.  The  double  ridges  considered  in  Section 
9.3  illustrate  this  point. 


9 . 2  Drag  per  unit  crosswind  length  for  sinusoidally 

modulated  ridges 

Because  of  the  k  factor  in  the  integrand  in  the 
expression  (9.1)  for  d  ,  the  contribution  to  the  drag  from 
the  low  wave  number  (or  spatial  frequency)  components  of  the 
height  field  is  suppressed.  It  is  primarily  the  high  fre¬ 
quency  components  that  lead  to  large  drag  values.  To  some 
extent  this  idea  was  illustrated  by  the  relatively  slow 
decay  of  H(k)  with  increasing  k  for  the  y-type  terrain  as 
compared  to  the  u~type.  To  demonstrate  this  in  a  more 
explicit  manner,  barrier  shapes  were  considered  having  a 
single  smooth  ridge  upon  which  a  sinusoidal  variation,  of 
frequency  ft ,  was  superimposed.  The  specific  examples 
studied  are  the  Agnesi  case  (m=1),  H  =  ( A+BcosftX ) / ( 1 +X2 ) , 
and  the  Gaussian  case,  H  =  (A+BcosftX)  exp(-X2).  The  analyt¬ 
ical  results  are  derived  in  Appendix  L. 

In  Figs.  23a  and  23b,  the  drag  per  unit  length  is  plot¬ 
ted  against  the  spatial  frequency,  ft,  for  the  Agnesi  and 
Gaussian  shapes,  respectively.  The  numerical  values  are 
based  on  (L.3)  and  (L.5).  The  barriers  considered  all  have 
unit  height  at  X=0  (A+B=1),  but  the  amplitude  of  the  cosine 
term  varies  from  B=0  to  B=0.5  in  increments  of  0.1.  Direct 
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Figure  23.  Normalized  drag  per  unit  crosswind  length,  d2,  as  a 
function  of  the  spatial  frequency,  ft,  for  sinusoidally  modulated  bar¬ 
riers.  Figs.  23a  and  23b  correspond  to  the  Agnesi  and  Gaussian  cases, 
respectively . 


attention  to  the  left  hand  portion  of  the  figures.  For  £2<  1  , 
the  relatively  low-frequency  modulation  has  a  wavelength 
which  is  large  in  comparison  to  the  length  scale  of  the 
single  ridge  (B=0)f  so  the  oscillations  are  quickly  damped 
away  from  the  barrier  peak.  Referring  to  the  figure,  one 
sees  that  for  the  Gaussian  ridge,  d2  is  almost  independent 
of  £2  for  low  frequencies,  whereas  in  the  Agnesi  case  the 
drag  increases  with  £2  and  B.  Expanding  (L.3)  and  (L.5)  for 
|£2|<<1  (GR,  p.  931,  for  the  latter  equation),  gives,  for  the 
Agnesi  case: 

d2  =  -|  (l+Bft2)  +  0(|ft|3)  ,  (9.5) 

and  for  the  Gaussian  case: 

d2  =  1  +  A4  +  0(ft6)  •  (9.6) 

The  vanishing  of  the  low-order  terms  in  £2  in  (9.6)  accounts 
for  the  difference  in  the  low-frequency  behaviour  of  the  two 
cases.  This  can  be  understood  from  a  more  physical  point  of 
view  by  looking  at  the  barrier  shapes  themselves.  If 
|£2X|<<1  and  A+B=1,  then  one  can  write  the  Gaussian  terrain 
height  as 

(A+BcosflX)  e'x2  .  e't1  +  ^x2  ,  <9.7) 

as  can  be  shown  by  expanding  the  £2-dependent  terms  on  both 
sides.  Therefore,  for  sufficiently  small  £2,  the  effect  of 
the  cosine  modulation  on  the  Gaussian  hill  is  merely  to 
change  its  scale  while  retaining  the  same  basic  shape.  As 


mentioned  previously,  such  a  change  does  not  affect  d2. 
Considering  the  Agnesi  case  in  a  similar  manner,  for  |ftX|<<1 
and  A+B=1,  one  can  write 

A+BcosftX  _  1  . 

1  +  X2  "  (1+XZ)  (l+^Bf2zXz)  *  (9.8) 

Here,  the  sinusoidal  term  is  seen  to  lead  to. a  more  sharply 
peaked  barrier.  However,  since  this  is  not  caused  by  a 
simple  change  of  horizontal  scale,  there  is  a  stronger 
dependence  of  d2  on  ft  than  in  the  Gaussian  case. 

As  ft  increases,  there  is  a  transition  region  where  the 
interaction  of  the  sinusoidal  and  simple  ridge  contributions 
is  more  complicated.  This  will  not  be  discussed  here.  How¬ 
ever,  for  ft  larger  than  about  5,  things  appear  to  be  sim¬ 
pler,  with  the  curves  in  Fig.  23  showing  a  linear  relation 
between  d^  and  ft  and  a  strong  dependence  on  the  amplitude  of 
the  cosine  term,  B.  This  can  also  be  seen  by  considering 
( L . 3 )  and  (L.5)  in  the  range  ft>>1.  One  finds  the  drag  per 
unit  length  for  the  Agnesi  ridge  becomes 

d2  =  f  (A2+|n|B2)  ,  (9.9) 

and  that  for  the  exponential  one  is 

d2  =  A2  +  (tt/8)^  |  ft  |  B2  .  (9.10) 

If  the  horizontal  scale  of  the  simple  ridge  is  large  enough 
to  contain  several  wavelengths  of  the  cosine  modulation, 
then  these  formulae  imply  that  the  drag  contributions  from 
the  single  ridge  (A2  terms)  and  the  oscillation  (B2  terms) 
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add  independently  to  give  the  total,  d2 .  Therefore,  if  ft>>1 
and  A  is  fixed,  the  cosine  term  always  leads  to  increased 
drag.  However,  if  the  terrain  is  normalized  to  unit  height, 
as  in  the  examples  of  Fig.  23,  so  that  A+B=1,  then  for 
sufficiently  small  B,  there  is  a  range  of  ft  such  that  d2  is 
less  than  it  would  be  for  the  unmodulated  ridge  (B=0). 
Nevertheless,  for  any  non-zero  value  of  B,  the  cosine  term 
will  dominate  for  sufficiently  high  frequency. 

This  importance  of  the  high-frequency  components  of  the 
terrain-height  spectrum  in  determining  the  drag  per  unit 
length  is  the  most  significant  result  of  the  preceding 
analysis.  One  should  remain  aware,  however,  that  non¬ 
hydrostatic  and  nonlinear  turbulent  processes,  that  are  not 
included  in  the  present  model,  become  more  important  as  the 
spatial  scale  decreases.  Blocking  of  the  flow  upstream  of 
mountain  ranges,  stagnation  of  air  in  valleys,  and  boundary 
layer  separation  in  the  lee  of  steep  barriers  are  all  pro¬ 
cesses  which  would  tend  to  screen  the  upper  flow  from  some 
of  the  high-frequency  content  of  the  terrain-height  spec¬ 
trum.  In  applying  linear  theory  to  real  atmospheric  cases, 
it  might  be  necessary  to  mimic  the  effect  of  such  processes 
by  altering  the  terrain  shape  used  in  the  model.  The  lee- 
wave  model  of  Vergeiner  (1971)  is  an  example  in  which  the 
low-level  flow  is  artificially  blocked.  Also,  Pearse  et  al. 
(1981)  suggest  the  change  in  the  effective  terrain  shape 
associated  with  boundary  layer  separation  as  an  explanation 
of  some  features  of  the  velocity  amplification  in  the  flow 
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over  laboratory  model  hills. 


9 . 3  Drag  per  unit  crosswind  length  for  double  ridges 

The  third  type  of  infinitely-extended  barrier  for  which 
the  drag  per  unit  length  has  been  calculated  is  the  super¬ 
position  of  two  identical  ridges,  which  have  been  displaced 
symmetrically  from  the  origin,  in  opposite  directions,  by  an 
amount,  e.  If  h(X)  is  the  terrain  height  of  a  single  ridge, 
then  the  double  ridge  is  defined  by 

H(X)  =  h  (X+e )  +  h(X-e)  .  (9.11) 

The  drag  per  unit  length,  d 2,  is  evaluated  for  a  variety  of 
single  ridge  shapes,  h(X),  in  Appendix  M.  The  specific 
forms  considered  are  the  ^=1  (Agnesi)  case:  h=1/(1+X2),  the 
triangular  case:  h= ( 1 - | X | ) 6 ( 1  - | X | ) ,  and  the  logarithmic  and 
arccot  cases  given  in  (9.2).  The  pressure  field  can  be  cal¬ 
culated  from 


P(X)  =  p(X+e)  +  p(X-e)  ,  (9.12) 

where  p(X)  is  the  pressure  perturbation  for  the  single 

ridge,  h(X).  For  these  single  ridge  cases  the  pressure 

field  consists  of  one  windward  high  and  one  lee  low,  with 

these  extrema  each  being  displaced  from  the  origin  by  a 

distance,  X  (see  Appendix  D) .  The  pressure  perturbation 
m 

for  a  double  ridge  is  more  complicated,  but,  the  extreme 

perturbation,  P  ,  can  be  determined  by  solving  dP/dX=0  (a 

2m 


121 


cubic  equation  in  X2). 

In  Fig.  24a,  the  drag  per  unit  length  is  plotted  as  a 
function  of  the  maximum  pressure  perturbation  for  double 
ridges  of  the  logarithmic  form  with  6=10  (dashed  curve),  and 
the  arccot  form  for  a  selection  of  u>  values  (including  a>=0, 
the  Agnesi  case).  Fig.  24b  is  similar,  but,  on  an  expanded 
scale,  shows  results  for  the  a>=45°  and  triangular  barrier 
cases.  The  curves  are  parameterized  in  terms  of  the  ratio 
of  the  ridge  displacement  to  the  position  of  the  extreme 
pressure  perturbation  for  a  single  ridge,  e/X  . 

For  e=0,  at  the  upper  right  of  each  curve,  the  two 
single  ridges  overlap  completely,  giving  a  barrier  twice  as 
high.  The  corresponding  drag  per  unit  length  is  four  times 
that  of  a  single  ridge  while  the  pressure  perturbation  is 
twice  as  large.  If  the  ridges  are  separated  (e>0),  then  d2 
and  P2m  decrease  rapidly.  For  e/X  =1,  the  line  of  minimum 
low  pressure  associated  with  the  upstream  ridge  overlaps 
with  the  line  of  maximum  high  pressure  associated  with  the 
downstream  ridge.  For  the  arccot  barriers,  if  the 
parameter,  u,  is  near  90°,  this  cancellation  of  the  pressure 
field  in  the  neighbourhood  of  X=0  leads  to  a  sharp  minimum 
in  the  drag  near  e/Xm=1.  (Note  the  position  of  the  diamond, 
marking  e/X  =1,  near  the  minimum  of  the  curve  for  u>  larger 
than  about  75°  in  Fig.  24a).  However,  for  cj  values  near  0, 
or  in  the  logarithmic  case,  the  cancellation  of  the  pressure 
field  between  the  superimposed  ridges  is  less  complete 
because  the  pressure  field  for  a  single  ridge  has  a  less 
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Figure  24.  Drag  per  unit  length,  d2 ,  versus  the  maxi¬ 
mum  pressure  perturbation,  P2m(  for  double  ridge  terrain 
shapes  of  the  logarithmic  (dashed  curve)  and  arccot  (solid 
curves)  types  (Fig.  24a),  and  the  o>=45°  and  triangular  types 
(Fig.  24b).  Symbols  mark  the  ratio  of  the  ridge  displace¬ 
ment  to  the  position  of  the  extreme  pressure  perturbation 
for  a  single  ridge,  e/Xm. 
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pronounced  maximum  near  X=X  .  Therefore,  the  minimum  in 

is  less  sharp  and  occurs  at  larger  values  of  e/X  .  A 

m 

similar  behavior  is  seen  in  Fig.  24b.  Although  the  two 

cases  shown  there  have  the  same  maximum  pressure  and  drag 

per  unit  length  values  when  e  =  0  or  the  triangular  case 

shows  a  fairly  sharp  minimum  in  d2  at  e/Xm^.92,  whereas  the 

cj=45°  barrier  gives  a  broader  minimum  with  the  extreme  value 

at  e/Xm=v/3-1  . 73 .  These  differences  are  consistent  with  the 

fact  that  the  pressure  field  for  a  single  ridge  in  the  w=45° 

case  falls  off  as  — (v/8/7r)  •  (X  /X)  as  X->®,  whereas  that  for 

m 

the  triangular  ridge  goes  as  -(/2/tt)*(X  /X),  with  the  numer¬ 
ic 

ical  coefficient  only  half  as  large.  This  implies  that  the 
region  of  significant  pressure  perturbation  in  the  triangu¬ 
lar  case  is  smaller,  leading  to  a  more  effective  cancella¬ 
tion  when  two  ridges  are  superimposed  with  e/X  »1. 

As  e/X  (left  side  of  each  curve  in  Fig.  24),  the 
m 

interference  between  the  ridges  disappears.  The  maximum 

pressure  reduces  to  that  for  a  single  ridge,  but  the  total 

drag  per  unit  length  is  double  the  single  ridge  value, 

because  of  independent  contributions  from  the  two  ridges. 

Fig.  25  shows  the  drag  per  unit  length,  explicitly  as  a 

function  of  e /X  ,  for  some  of  the  arccot  types  of  barrier. 

From  this  diagram  one  can  see  many  of  the  features  mentioned 

in  discussing  the  other  figures.  There  is  a  sharp  decrease 

in  drag  as  e  increases  from  0,  associated  with  a  rapid 

decrease  in  the  height  of  the  double  ridge.  There  is  a 

minimum  of  d  in  the  region  of  e/X  =1  due  to  cancellation  of 

2  m 
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Figure  25.  Normalized  drag  per  unit  crosswind  length, 
d2,  for  the  superposition  of  two  arccot  ridges,  as  a  func¬ 
tion  of  the  ratio  of  the  ridge  displacement  to  the  position 
of  the  extreme  pressure  perturbation  for  a  single  ridge, 
e/Xm. 
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the  pressure  perturbation  between  the  barriers.  Finally, 
there  is  a  recovery  to  drag  values  twice  that  of  a  single 
ridge  as  e->®.  The  curves  become  rather  flat  at  the  right 
edge  of  Fig.  25,  with  the  d^  value  at  e/Xm=4  differing  from 
the  value  obtained  at  infinite  separation  by  only  5.2%  for 
cu=0  and  less  than  1%  for  o>=89°. 


9 . 4  Drag  per  unit  crosswind  length  for  isolated  three- 
dimensional  barriers 

For  flow  over  the  infinitely-extended  barriers  treated 
in  preceding  sections,  the  drag  per  unit  length  is  uniform, 
being  independent  of  the  y  coordinate.  Now  consider  the  more 
complicated  case  of  three-dimensional  flow  over  an  ellipti¬ 
cal  hill  with  a  non-zero  ratio,  y=a/b,  of  horizontal  length 
scales,  a  and  b,  along  and  perpendicular  to  the  upstream 
flow,  respectively. 

Analytical  treatment  of  the  integral  (8.4)  for  the  drag 
per  unit  length  in  the  three-dimensional  case,  in  general, 
proves  to  be  much  more  difficult  than  for  the  corresponding 
two-dimensional  flow.  However,  the  v-type  elliptical  ter¬ 
rain,  H(R)  =  ( 1 -R 2 /a  2 )  6 ( 1 -R 2 /a  2 ) ,  with  R2=X2+Y2  (X=x/a, 

Y=y/b) ,  is  tractable  for  arbitrary  y  if  v  is  half  an  odd 
integer.  The  results  for  v~\/2  and  3/2  are  derived  in 
Appendix  K,  with  the  explicit  formulae  given  by  (K.11)  and 
( K . 14)  in  the  o= 1  case.  For  at  1,  one  can  use  the  trans¬ 
formations  in  Appendix  C.  For  the  n-type  terrain  with 
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H=(1+R2/a2)M  ,  progress  was  made  in  the  m=1/2  and  3/2  cases, 

but  only  for  y~ 1  (a  circular  hill).  The  normalized  drag  per 

unit  length  for  the  circular  case,  d  ,  is  calculated  in 

3C 

Appendix  K,  with  the  result  given  by  (K.5).  In  Fig.  26 
(solid  curves),  d^c  is  plotted  as  a  function  of  Y  for  the 
u-3/2  and  *>=1/2  cases  (putting  y=  1  in  ( K .  1  1 )  )  .  The  horizon¬ 
tal  scale  parameter,  a,  has  been  chosen  as  /2  and  1,  for  the 
3/2  and  y=1/2  cases,  respectively,  which  implies  that  the 
maximum  terrain  slope  occurs  at  R= 1 .  With  a  fixed  in  this 
manner,  the  drag  per  unit  length  is  non-zero  for  the  ^=1/2 
hill  only  for  |  Y  |  < 1 ,  with  a  maximum  at  Y=0.  The  u-3/2  hill 
gives  a  much  smaller  value  for  d^c  at  Y=0,  but  falls  off 
more  gradually  away  from  the  peak. 

For  comparison,  the  normalized  drag  per  unit  length, 
d  2g  =d  25/^  N  that  would  result  from  flow  in  vertical 

planes,  has  been  calculated  from  (8.6)  (see  Table  8  is 
Appendix  K)  and  included  in  Fig.  26  (dashed  lines).  The 
relatively  larger  pressure  field  along  Y=0  under  the  two- 
dimensional  flow  assumption  leads  to  large  values  of  d  (Y) 

Z  b 

compared  to  d2C(Y)  at  Y=0.  Spec i f ically ,  d 2g ( 0 ) /d 3C ( 0 ) = 1 . 44 
for  At  =  3/2  and  1.27  for  v=)/2.  For  the  hemispherical  bar¬ 
rier,  t>=1/2,  the  value  of  d2s  exceeds  that  of  d  2C  for  all  Y 
for  which  the  drag  per  unit  length  is  non-zero.  On  the 
other  hand,  for  the  broader  a  =  3/2  barrier,  d2g(Y)~Y'6  for 
large  Y  (see  Table  8),  whereas  d  (Y)~Y~5  (from  (K.5)),  so 

d  exceeds  d  for  sufficiently  large  Y  ( Y>2 . 1 ) .  However, 
3C  2  S 

as  will  be  discussed  in  Chapter  10,  the  total  drag  for  these 
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Figure  26.  Normalized  drag  per  unit  crosswind  length  as  a  func¬ 
tion  of  the  crosswind  coordinate,  Y,  for  three-dimensional  flow  over  a 
circular  barrier  (solid  curves)  and  two-dimensional  slice  flow  for  the 
*>=1/2  and  m  =  3/2  barriers  defined  in  Table  3  in  Appendix  D. 
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elliptical  barriers,  found  by  integrating  the  drag  per  unit 
length  over  Y,  is  always  larger  under  the  assumption  of  flow 
in  vertical  planes  than  it  is  for  the  three-dimensional  flow 
solution . 

In  Fig.  27,  the  maximum  drag  per  unit  length,  which 
.occurs  at  Y=0,  is  shown  as  a  function  of  the  elliptical 
shape  parameter,  y,  for  the  terrain  cross-sections  v~\/2  and 
3/2,  m=1/2  and  3/2,  and  the  Gaussian  case  iu  =  v=°°)  .  For  the 
v  cases  the  results  were  obtained  using  (K.11)  and  (K.14). 

A  closed  form  result  (K.8)  was  found  for  the  Gaussian  hill, 
whereas  in  the  n  cases,  a  truncated  infinite  series  was 
used,  given  by  (K.3).  In  all  cases,  d^  is  seen  to  decrease 
smoothly  as  the  crosswind  length  scale  decreases  relative  to 
the  terrain  width  parallel  to  the  mean  wind  (that  is,  as  y 
increases ) . 

In  Fig.  27,  a  diamond  marks  the  position  on  each  curve 
at  which  the  drag  per  unit  length  for  two-dimensional  flow 
over  an  infinite  ridge,  d  =d„(y=0)  exceeds  that  for  the 
three-dimensional  flow  by  10%  of  d^(y) .  The  corresponding 
value  of  1/y  ranges  from  about  2.2  in  the  *>=1/2  case  to  4.3 
for  ^=1/2.  Therefore,  as  far  as  calculations  of  drag  per 
unit  length  are  concerned,  approximating  an  isolated  three- 
dimensional  barrier  (y>0)  with  an  infinitely-extended  ridge 
of  the  same  c ross-sect i on  (y  =  0)  is  reasonable  as  long  as  the 
hill  is  several  times  wider  across  the  mean  wind  than  along 
it . 
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CHAPTER  10 


TOTAL  FORCE  ON  THE  BARRIER 


Integrating  the  force  per  unit  crosswind  length,  r  , 
with  respect  to  y,  as  in  (8.1),  one  obtains  the  total  force, 
f1',  exerted  by  the  air  on  the  barrier.  Even  if  the  integral 
for  the  force  per  unit  length  proves  difficult  to  evaluate, 
it  is  often  the  case  that  one  can  find  the  total  force 

directly  from  (8.3).  Some  results  concerning  the  dependence 

,  %  , 

of  F  on  the  shape  and  orientation  of  the  barrier  will  now 

be  presented. 

Let  h(x,y;0)  be  the  height  field  for  a  barrier  rotated 
counterclockwise  through  an  angle,  t//,  from  the  barrier  with 
height  h ( x , y ) =h ( x , y ;\p=0 )  (see  (0.1)).  One  can  show  that  the 
Fourier  transform  of  h,  for  the  rotated  case,  is  given  by 

h(k,£;^)  =  h(k%JT;ij/=0)  ,  (10.1) 


where 


k'  =  kcost/>  +  tsin^  , 

► 


(10.2) 


l'  =  -ksimjj  +  Jlcosijj  . 

4 

Substituting  from  (10.1)  into  (8.3),  changing  the  integra¬ 
tion  variables  to  k'  and  1' ,  and  noting  that  k 2 +/ 2 =k ' 2 ' 2 , 
one  finds  that  the  components  of  f '  are  simple  quadratic 
forms  in  cost//  and  sirup.  For  example,  in  the  case  where 
h ( x , y )  is  an  elliptical  terrain  form  having  a  symmetry  axis 
perpendicular  to  the  mean  flow,  after  some  simplification, 
one  obtains  the  normalized  total  force  on  the  barrier, 
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F.  =  (D  ,T  )  =  F7(p  U  N  h2  b) 

J  J  J  oo 

with  components 


(10.3) 


=  G  (Bcos24^+Gsin2^)  , 
=  G  (B-C)sin4>cos^ 


(10.4) 


Here 


G 


16tt2 


0 


(10.5) 


where  H(p)  is  the  normalized  Fourier  transform  of  the  height 
field,  defined  in  (B.4).  B=B0(y)  and  C=C0(y),  which  are 

elliptical  integrals  defined  in  Appendix  Q,  are  functions  of 
the  ratio  of  the  horizontal  length  scales,  y=a/b. 

As  was  the  case  for  the  drag  per  unit  length,  the  total 
force,  F  ,  is  seen  to  be  proportional  to  the  mean  flow 
speed,  U,  the  stability,  N,  and  the  square  of  the  barrier 
amplitude.  However,  an  additional  geometrical  factor,  b, 
the  unrotated  terrain  crosswind  length  scale,  also  appears. 
If  the  horizontal  scale  of  a  hill  is  changed,  so  as  to 
present  a  greater  cross-section  to  the  wind,  the  force  on 
the  barrier  increases  in  proportion. 

The  quantity  G  incorporates  the  influence  of  the  verti¬ 
cal  cross-sect  ion  of  the  barrier,  that  is,  the  spacing  of 
the  elliptical  terrain  height  contours,  on  the  drag  and 
lateral  force  on  the  air.  G  has  been  calculated  in 
Appendix  N  for  a  variety  of  terrain  forms  with  the  results 
summarized  in  Table  9.  For  the  particular  mountain  shape, 
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h ( x , y ) =h0/( 1 +R2/a 2 )y ,  one  finds,  using  (C.6),  that 


G  =  4  r (3/2) 


T (2y-l/2) 

T (2y+l) 


r (y+1/2)] 2 

r(y)  J 


(10.6) 


If  o=1,  G  is  a  monotonically  decreasing  function  of  u, 
having  the  value  2  for  the  relatively  broad  barrier  with 
y=1/2  and  decreasing  to  about  0.9  for  the  more  sharply 
peaked  case  of  y= 2.  Thus,  the  drag  could  vary  by  a  factor 
of  two  or  more,  depending  on  how  quickly  the  terrain  height 
falls  off  from  its  hilltop  value.  If  a=(2y+1)2,  as  in 
Fig.  19,  the  drag  still  decreases  with  increasing  u,  but  at 
a  slower  rate.  Recall  that  the  drag  per  unit  length  for  the 
ridge  H (X) = ( 1+X2 ) ~y  showed  the  opposite  trend  with  y.  As  m 
increases  and  the  barrier  becomes  steeper,  the  maximum  pres¬ 
sure  perturbation  becomes  greater,  tending  to  increase  the 
drag.  However,  the  crosswind  profile  of  the  barrier  also 
becomes  more  sharply  peaked.  The  reduced  cross-section  that 
the  hill  presents  to  the  incoming  flow  tends  to  reduce  the 
drag.  It  is  this  second  effect  that  dominates  the  value  of 
G  in  the  present  example,  so  that  the  net  result  is  a 
decrease  in  the  total  force  on  the  barrier  as  y  increases. 

An  interesting  property  of  elliptical  barriers  is  that 
the  dependence  of  and  T3  on  the  orientation  and  eccen¬ 
tricity  of  the  height  contours  separates  completely  from  the 
dependence,  through  G,  on  the  vertical  cross-sect  ion .  The 
former  effects  enter  through  the  terms  involving  B(y),  C(y), 
and  \p .  The  functional  form  of  the  dependence  on  y  and  v//  is 
exactly  the  same  as  in  the  evaluation  of  the  pressure 
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gradient  maximum  that  occurs  over  the  barrier  (see 
Appendix  F).  One  finds 


-*■ 

F 


G  ■+• 

=  -h  ab  —  Vp 
o  I  r 


R=0 


(10.7) 


where  I ,  given  by 


oo 


1  =  4  p2  H(p )  dp  , 
« 

0 


(10.8) 


like  G,  is  an  integral  independent  of  y  and  \p .  Thus,  the 
direction  of  the  net  force  on  an  elliptical  barrier  is 
determined  by  the  pressure  gradient  at  the  mountain  top. 

The  dimensionless  drag  and  lateral  force,  normalized  by 
G,  are  plotted  as  functions  of  y  =  a/b  for  various  barrier 
orientation  angles,  \p ,  in  Figs.  28a  and  28b,  respectively. 
Since  F  is  proportional  to  b,  the  graphs  can  be  regarded  as 

showing  the  variation  of  the  force  on  the  barrier  as  a  is 

varied,  holding  b  fixed.  The  maximum  normalized  drag  is 
obtained  for  a  long  ridge,  with  its  axis  perpendicular  to 
the  incoming  flow  (>  =  0,  v^=  0 )  .  A  circular  barrier,  corre¬ 
sponding  to  y= 1 ,  gives  a  drag  which  is  lower  than  this  maxi¬ 
mum  by  a  factor  7r/4 .  As  should  obviously  be  the  case,  the 

drag  is  independent  of  ^  for  a  circular  barrier.  However, 
for  an  extended  barrier,  with  y < 1 ,  the  orientation  of  the 
ridge,  relative  to  the  incoming  flow,  has  a  considerable 
effect  on  the  drag,  as  is  seen  by  comparing  the  \p=0  and 
i^=90°  curves  in  Fig.  28a.  As  was  indicated  by  Blumen 
(1965),  the  drag  is  much  less  if  the  long  axis  of  a  ridge  is 
aligned  with  the  mean  flow  than  if  it  is  perpendicular  to 


134 


a 


b 


c  d 


Figure  28.  (a)  and  (b):  Drag  and  transverse  force 

components,  D3  and  T3,  respectively,  for  three-dimensional 
flow,  normalized  by  the  factor,  G  (defined  by  (10.5)),  as  a 
function  of  the  scaling  ratio,  y,  for  various  barrier  orien¬ 
tation  angles,  $ . 

(c)  and  (d):  As  in  (a)  and  (b),  except 

showing  force  components,  D2S  and  T2s  ,  for  two-dimensional 
slice  flow. 
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the  stream.  This  is  confirmed  by  the  present  results.  From 
(10.4),  it  is  found  that  the  ratio  of  the  drag  in  the  paral- 
lei  (i//=90°),  to  that  in  the  perpendicular  case  (^0),  is 
equal  to  C0/B0.  This  is  a  function  of  y  alone,  being 
independent  of  the  vertical  cross-section  of  the  terrain. 
Evaluating  B0  and  C0  from  their  expressions  in  terms  of 
elliptic  integrals  given  in  (Q.3),  one  finds  the  drag  ratio, 
Co/B0,  to  be  about  0.35  for  y=1/2  and  0.12  for  y=1/4.  Thus, 
a  90°  change  in  wind  direction  can  result  in  a  change  in 
drag  of  more  than  a  factor  of  eight  for  an  elliptical  bar¬ 
rier  four  times  as  long  as  wide. 

Next,  refer  to  Fig.  28b,  which  shows  the  force  exerted 
on  the  mountain,  in  a  direction  normal  to  the  mean  flow. 

For  the  ^=0  and  ^=90°  cases,  or  for  arbitrary  ^  in  the  cir¬ 
cular  case  ( y  =  1  )  ,  the  incoming  flow  is  parallel  to  an  axis 
of  symmetry  of  the  mountain,  giving  a  pressure  field  which 
is  symmetric  about  the  x  axis.  Thus,  there  is  no  net  force 
component  on  the  barrier  in  the  lateral  direction  (T^O). 
However,  for  an  intermediate  orientation  of  an  extended  bar¬ 
rier  (0<^<90°;  y<  1  )  this  symmetry  is  lost,  leading  to  a 
non-zero  value  for  T^ .  For  any  fixed  value  of  y,  the  maxi¬ 
mum  transverse  force  occurs  for  a  barrier  inclined  at  a  45° 
angle  to  the  mean  flow.  Comparing  Figs.  28a  and  28b,  it  is 
seen  that  the  transverse  force  is  an  appreciable  fraction  of 
the  drag  force,  except  when  the  mountain  is  almost  circular 
(0.8<y<1,  say),  or  has  its  long  axis  nearly  perpendicular  to 
the  incoming  flow  (^<10°,  say).  For  an  extended  ridge  with 
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its  long  axis  nosing  into  the  incident  flow  (^> 45°),  T3  can 
exceed  D3  for  sufficiently  small  y.  This  is  seen  more 
clearly  in  Fig.  29,  which  shews  isopleths  of  the  ratio, 
T3/D3,  in  a  (y  ,\p)  plane.  For  ridges  more  than  about  three 
times  wider  across  the  wind  than  along  it,  the  lateral  force 
can  be  larger  than  the  drag.  Even  for  a  barrier  with  a  hor¬ 
izontal  cross-section  as  round  as  y=.5,  T3/D3  exceeds  .5  for 
a  limited  range  of  orientation  angle. 

The  surface  drag  and  lateral  force  corresponding  to  the 
three-dimensional  flow  pressure  perturbation  are  now  com- 
pared  to  the  force,  F2S,  that  would  arise  if  the  motion 
were  confined  to  the  x-z  plane,  as  if  the  barrier  were 
infinitely  long,  with  a  uniform  vertical  cross-section.  A 
general  expression  for  F^s  has  already  been  given  in  (8.5). 
For  an  elliptical  barrier,  with  scale  lengths,  a  and  b, 
along  the  x  and  y  axes,  respectively,  which  has  been  rotated 
counterclockwi  se  by  an  angle  \p ,  it  is  shown  in  Appendix  0 
that  the  components  of  the  normalized  force, 

?2S  =  (D2S'T2S)=?2S/(^°  S  h»  b)  are 


D 


2g  =  G  (cos2i/H-y2sin2^)^ 


T2S  =  G 


(1-y2 )  cosipsiwp 

(cos2i/>+y2sin2^)^ 


(10.9) 


where  y-a/b,  and  G  is  given  by  (10.5).  The  dimensional 
factor,  p0U  N  hi  b,  and  the  dependence  on  the  vertical 
cross-sect  ion  of  the  barrier,  implicit  in  G,  are  exactly  the 
same  as  in  the  calculation  based  on  the  three-dimensional 
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7 


Figure  29.  Ratio  of  the  transverse  to  the  drag  force 
component  as  a  function  of  barrier  orientation  angle,  \p ,  and 
elliptical  shape  parameter,  y,  for  three-dimensional  flow 
over  an  elliptical  barrier  of  arbitrary  vertical  cross¬ 
sect  i  on . 
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flow  pressure  perturbation. 

Figs.  28c  and  28d  illustrate  the  dependence  of  D2S  and 
T  2S  (normalized  by  the  factor  G )  ,  respectively,  on  y  and  \p . 
Careful  comparison  of  Figs.  28a  and  28c  shows  that  the  two- 
dimensional  slice  flow  approximation  overestimates  the  drag 
for  all  values  of  y,  except  the  case  of  an  infinitely- 
extended  barrier,  perpendicular  to  the  wind  (y=0,  ^=0).  For 
a  circular  barrier,  the  assumption  of  flow  over  the  barrier 
in  vertical  planes,  leads  to  a  calculated  drag  which  is  too 
high  by  a  factor  of  4/tt.  The  maximum  of  the  normalized 
absolute  difference,  (D2S-D3)/G  is  0.25,  which  occurs  for  a 
long  ridge,  rotated  60°  from  the  perpendicular  to  the  air- 
stream  ( y  =  0 ,  \p=  60°).  For  in  the  range  from  35°  to  80°, 
one  finds  (D2S~D3)/G  to  be  only  a  weak  function  of  the 
eccentricity  of  the  elliptical  terrain,  with  0.2  being  a 
typical  value. 

One  can  ask  how  small  the  ratio  of  the  barrier  cross- 
wind  to  downwind  length  scales  has  to  be  for  the  two- 
dimensional  slice  flow  solution  to  approach  the  three- 
dimensional  one  to  a  given  precision.  For  the  unrotated 
barrier  case  (^=0),  for  example,  one  finds  that  D2S  exceeds 
by  10%  for  y=0.44  and  by  5%  for  y=0.27.  These  y  values 
are  larger  than  the  corresponding  ones  related  to  estimation 
of  the  maximum  pressure  perturbation  discussed  in  Chapter  5 
( ysz  i  /3  and  1/5  for  the  10%  and  5%  precisions,  respectively). 
Thus,  the  total  drag  is  somewhat  less  sensitive  to  the  flow 
around  the  barrier  than  is  the  maximum  pressure 
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perturbation . 

Next,  concerning  the  force  acting  perpendicular  to  the 
mean  flow,  comparison  of  Figs.  28b  and  28d  shows  that,  like 
the  drag,  it  is  larger  under  the  two-dimensional  slice  flow 
assumption.  Other  than  correctly  predicting  zero  lateral 
force  in  the  \p=0  and  ^=90°  cases,  and  in  the  circular  hill 
case  (y=0),  the  two-dimensional  slice  flow  approximation, 

T  is  not  particularly  useful  for  quantitative  estimates  of 

T3- 

In  this  chapter,  it  has  been  shown  that  the  orientation 
and  eccentricity  of  an  elliptical  mountain  have  a  large 
effect  on  the  force  exerted  by  the  barrier  on  the  air,  in 
association  with  linear,  hydrostatic  mountain  waves  in  a 
model  atmosphere  having  a  simple  vertical  structure. 


CHAPTER  1 1 


EFFECT  OF  SMOOTHING  ON  SURFACE  DRAG  AND  TRANSVERSE  FORCE 
11.1  Introduction  to  terrain  smoothing 

The  mountain  barriers  represented  in  numerical  models 
of  atmospheric  flow  are  necessarily  smoothed  versions  of  the 
real  terrain.  This  idealization  may  be  introduced  because 
of  limitations  on  computing  resources,  to  control  a  numer¬ 
ical  instability,  or  to  ensure  that  the  motion  satisfies 
constraints  particular  to  the  model,  such  as  being  quasi- 
geostrophic  or  hydrostatic.  Although  there  has  been  some 
recognition  of  the  need  to  maintain  the  effect  of  adequate 
mountain  steepness  in  numerical  models  (for  example,  Egger, 
1972;  Tibaldi  et  al . ,  1980;  Fawcett,  1969;  and  Bettge, 

1983),  there  has  been  relatively  little  quantitative  explor¬ 
ation  of  how  smoothing  affects  the  predicted  flow  fields. 

In  view  of  this,  the  present  section  is  devoted  to  illus¬ 
trating  the  effect  of  terrain  smoothing  on  surface  pressure 
and  mountain  wave  drag  in  the  context  of  the  linear  hydro¬ 
static  model  used  in  this  paper.  Two  different  smoothing 
operations  are  considered:  differentiation  and  spectral 
t runca t ion . 


11.2  Differential  smoothing 

First,  suppose  that  the  smoothing  can  be  represented  by 
applying  a  linear  differential  operator,  S,  to  the 
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unsmoothed  terrain  height  field,  h(x,y)  to  yield 

<h(x,y)>  =  s  h(x,y)  .  (11.1) 

For  example,  one  might  choose  a  smoother  based  on  the 
Laplacian,  with  S=1+aV2,  or  S=1+aV“,  where  |a|<<1,  is  a 
parameter  controlling  the  degree  of  smoothing.  The  latter 
form  was  used  by  Hoskins  (1980)  in  preparing  a  terrain  field 
for  possible  input  to  numerical  models  of  atmospheric 
mot i on . 

An  example  of  the  effect  of  the  S=1+aV2  operator  on  the 
height  field  is  shown  in  Fig.  30,  for  the  unsmoothed  barrier 
H=(1+R2)~y,  with  m=3/2.  Figs.  30a  and  30c  show  contours  of 
the  unsmoothed  terrain  for  the  y=1/2  and  y=2  cases,  respec¬ 
tively,  while  Figs.  30b  and  30d  show  the  corresponding 
height  fields  smoothed  with  the  parameter  a=.06a2,  where  a 
is  the  length  scale  of  the  terrain  along  the  x  axis.  The 
effect  of  the  smoothing  operator  on  the  height  field  is  to 
reduce  the  maximum  height  of  the  barrier,  for  example,  from 
1.0  to  0.775  in  the  case  of  Fig.  30b.  Far  from  the  peak  the 
terrain  is  changed  relatively  little.  The  value  of  o  is 
four  times  larger  in  Fig.  30d  than  in  Fig.  30b  because  of  a 
doubling  of  the  length,  a.  While  haying  been  somewhat  cir¬ 
cularized  near  the  origin,  the  terrain  contours  in  Fig.  30b 
maintain  a  quas i -ell ipt ical  shape  under  the  smoothing 
operation.  The  larger  o  parameter  of  Fig.  30d  leads  to 
considerable  distortion  of  the  basic  mountain  shape.  In  the 
latter  case,  the  main  barrier  has  been  split  into  two  peaks 
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a 


b 


X 


X 


X  X 


Figure  30.  Contours  of  terrain  height  H=(1+R2)'A',  with 
v=3/2,  and  smoothed  height  <H>= ( 1 +oV2 )H ,  with  o=.06a2,  for 
horizontal  length  scale  ratio  y=1/2  (Figs.  30a  and  30b)  and 
7=2  (Figs.  30c  and  30d).  Figs.  30a  and  30c  are  the 
unsmoothed  cases  and  Figs.  30b  and  30d  are  the  smoothed 
ones.  In  Fig.  30d,  the  parameter,  a,  is  twice  as  large  as 
in  Fig.  30b. 
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with  height  0.655,  with  the  value  at  the  origin  being  only 

0.1. 


The  Fourier  transforms,  <h(k,/)>  and  h(k,/),  of  the 
smoothed  and  unsmoothed  height,  are  defined  by  integrals  of 
the  form  given  in  (3.17).  Assuming  that  S  is  represented  in 
the  general  form 


S 


M 


I 

m=0 


N 

I 


n=0 


a 

mn 


9m  9n 

»  m  n 
9x  9y 


(11.2) 


and  that  the  relevant  derivatives  exist,  then 


<h(k, £)>  =  S(k,£)  h(k,£)  , 


(11.3) 


where 


S(k,£) 


M 

I 


m=0 


N 

I 


n=0 


a 

mn 


(ikr(i£)n 


(11.4) 


This  is  shown  by  integration  by  parts  in  the  integral 

/A 

defining  <h>. 

Substituting  (11.3)  into  (3.20)  for  the  pressure  per¬ 
turbation,  assuming  operations  of  differentiation  and 
integration  can  be  interchanged,  one  obtains  the  pressure 
field  for  the  smoothed  terrain  as 


<P"(x,y,z)>  =  S  p'(x,y,z)  .  (11.5) 

Due  to  the  linearity  of  the  model,  the  pressure  perturbation 
corresponding  to  the  smoothed  barrier  is  obtained  simply  by 
applying  the  same  operator,  S,  to  the  unsmoothed  pressure 
field  as  was  applied  to  the  terrain  height. 


144 


The  force,  <F>= ( <D> , <T> ) ,  that  the  air  exerts  on  the 
smoothed  mountain,  can  be  found  by  replacing  h(k  ,/)  by 

A 

<h(k,/)>  in  (8.3).  As  in  Chapter  10,  one  can  consider  the 
effect  on  the  force  of  changing  the  orientation  of  the  bar¬ 
rier  relative  to  the  incoming  wind.  If  the  barrier  is 
rotated  from  its  initial  position  by  a  counterclockwise 
angle,  \p ,  and  subsequently  smoothed,  then  the  Fourier  trans¬ 
form  of  the  resulting  height  field  is  given  by 

<h(k, £;</,)>  =  S(k,Z)  h(k',JT;^0)  ,  (11.6) 

where  k’  and  ■(’  are  defined  in  (10.2).  On  the  other  hand, 
if  the  terrain  is  rotated  after  smoothing,  then  its  Fourier 
transform  is 

<h(k ,Z)>(ip)  =  S(k',Z')  h(k',Z';ip=0)  .  (11.7) 

If  the  smoothing  operator,  S,  is  isotropic,  that  is,  depends 
only  on  the  Laplacian,  V2,  then  S  will  depend  only  on  the 
combination  k 2 +/ 2 = k ' 2 +  J ' 2 .  This  relation  implies  that 
S  (  k  ,/)  =S  (  k  .  Comparison  of  (11.6)  and  (11.7)  then  shows 

that  the  resulting  height  field  is  independent  of  the  order 
of  the  smoothing  and  rotation  operations.  The  remainder  of 
the  discussion  will  be  restricted  to  such  cases,  for  which  S 
can  be  written  as 

N 

S  =  l  a  (V2)n  .  (11.8) 

n=0 

As  a  further  restriction,  consider  elliptical  terrain, 
h(x ,y )=h0H(R) ,  having  normalized  Fourier  transform,  H(p), 


145 


given  by  (B.4).  Transforming  to  elliptical  polar  coordin 
ates,  defined  by  (B.2),  one  finds  from  (11.4)  that 


N 


S(k,£)  =  l 


n=0 


~p  2  A  2  'l n 
“V*  °n 


(11.9) 


where 


A  =  (cos2<J>+Y2sin2<{i)  ;  y=a/b 


(11.10) 


First  consider  the  effect  of  smoothing  an  infinitely- 
extended  crosswind  ridge,  H(X),  with  the  operator  (11.8). 

The  Laplacian  effectively  reduces  to  d2/dX2  for  this  case 
and  y-»0  in  (11.10).  The  Fourier  transform  of  the  height 

A  ^ 

field  becomes  h(k,/)  =  h(k)  6(4),  where  6  is  a  Dirac  delta 
function.  Substituting  from  (11.3)  into  (9.1),  one  finds 
that  the  drag  per  unit  length  due  to  the  smoothed  terrain  is 


<d 
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(11.11) 


where 


CO 

n 


n 


l 

m=0 


a  a 
m  n— m 


a  =0  if  m>N 
m 


(11.12) 


and 

2n+1|  |hCk)  1 2  d<  .  (11.13) 

— CO 

Here  d2  and  H(k)  are  the  normalized  drag  and  Fourier  trans¬ 
form  of  the  unsmoothed  terrain.  Note,  from  (9.1),  that 
s o  = 1 .  The  higher  order  sn  terms  are  evaluated  for  the  m,  v 
and  exponential  type  ridges,  defined  in  (9.2),  in 
Appendix  P,  with  the  results  summarized  in  Table  10. 
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In  the  more  general  case  of  an  isolated  three- 
dimensional  hill,  the  components  of  the  force  (normalized  as 
in  (10.3))  acting  on  the  smoothed  barrier  with  orientation 
angle,  $ ,  are  found  to  be 


<D^>  =  G  (Bcos2ijH-Csin2^)  , 

<T^>  =  G  (B-C) sini|>cos4> 


(11.14) 


Here 


B 

C 


(11.15) 


The  factors,  Sn,  defined  by 


S 

n 


CD 

16it2  f  2+2n 

—  J  <> 

0 


(11.16) 


where  G  is  defined  by  (10.5),  incorporate  the  effect  of  the 

vertical  cross-section  of  the  barrier,  while  B  =B  (v)  and 

n  n 

Cn=Cn(y),  defined  in  Appendix  Q,  give  the  dependence  on  the 
eccentricity  of  the  horizontal  cross-section  of  the  moun¬ 
tain.  The  weighting  factors,  wn ,  are  defined  in  (11.12). 
The  expressions  (11.14)  reduce  to  those  for  the  unsmoothed 
case,  given  by  (10.4),  when  a0=1  and  cn= 0  for  n>0. 

Comparing  (11.14)  and  (10.4),  it  is  seen  that  the  structure 
of  the  dependence  on  the  barrier  orientation  angle,  \p ,  is 
the  same  in  the  smoothed  and  unsmoothed  cases. 

To  illustrate  the  preceding  formulae,  some  numerical 
examples  of  the  force  on  a  smoothed  barrier  have  been 
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calculated  for  the  case  of  the  smoothing  operator,  S=1+aV2, 
applied  to  several  of  the  terrain  forms  defined  in  (9.2) 
(with  X2  replaced  by  R2  to  give  three-dimensional  barriers). 
The  specific  cases  considered  are  m=5/2  with  o2=6,  the  expo¬ 
nential  case  with  a2=2,  and  ^  =  5/2  with  a2=4.  The  relevant 
integrals  (11.16)  are  evaluated  in  Appendix  P,  with  the 
results  shown  in  Table  11.  In  Fig.  31,  the  ratio,  RD , 
defined  by 


V°) 


<D3> 


<H> 


R=0 


(11.17) 


is  plotted  as  a  function  of  <H(a)>(R=0),  the  smoothed  ter¬ 
rain  height  at  R=0,  for  each  of  the  three  terrain  shapes. 
Here,  <D^  >  =  <D^  ( <? )  >  is  the  drag  force  component  for  the 
smoothed  barrier  and  D3=<D3(a=0)>  is  the  corresponding  drag 
for  the  unsmoothed  case.  Fig.  31a  shows  an  elliptical  bar¬ 
rier  case,  y=1/2,  while  Fig.  31b  is  the  circular  case,  y=1. 
The  right  hand  edge  of  each  figure  corresponds  to  the 
unsmoothed  hill,  cr  =  0.  Proceeding  to  the  left,  the  value  of 
o  increases  along  each  curve,  with  a  corresponding  decrease 
in  the  terrain  height. 

An  explicit  relation  between  <H>(R=0)  and  o  is  given 
below.  By  expressing  the  unsmoothed  height  field,  H,  in 
terms  of  its  Fourier  transform,  it  turns  out  to  be  possible 
to  calculate  derivatives  of  H  at  R=0  without  explicitly 
doing  the  differentiation.  For  example,  if  S=1+aV2,  as  in 
the  case  under  study,  one  finds 
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(11.18) 


where 


oo 


J  =  2tt  H(p)  dp 

* 

0 


(11.19) 


J  =  4^/ a 2 ,  4/a2,  and  4*>/a2,  for  the  n ,  exponential,  and  v 
cases,  respectively  (GR,  p.  684).  <H>(R=0)  was  chosen 

instead  of  o  for  the  abscissa  in  Fig.  31  because  it  is  a 
readily  comprehensible  measure  of  the  degree  of  smoothing. 

If  the  smoothing  simply  reduced  the  barrier  height, 
without  changing  its  shape,  then  RD  would  be  equal  to  1 
(independent  of  a).  This  corresponds  to  the  thin  horizontal 
line  in  Fig.  31.  In  Fig.  31a,  it  is  seen  that  for  an  amount 
of  smoothing  which  reduces  the  inital  height  by  less  than 
25%,  the  ^=5/2  terrain  shape  produces  a  drag  force  which  is 
less  than  would  be  expected  from  the  height  change  alone. 

The  exponential  and  m=5/2  cases  both  show  drag  values  which 
are  larger  than  predicted  from  the  square  of  the  height  at 
the  origin,  with  the  v  case  showing  the  greater  effect.  For 
heavy  smoothing,  such  that  <H>(R=0)  is  only  .5,  the  value  of 
R D  ranges  from  1.81  for  the  exponential  case  to  2.63  for 
v=5/2.  The  variation  of  the  drag  force  with  the  degree  of 
smoothing  is  qualitatively  similar  for  the  y=1  example  shown 
in  Fig .  31b. 

The  large  values  of  RD  seen  in  the  cases  of  relatively 
large  smoothing  are  associated  with  correspondingly  great 
changes  in  the  shape  of  the  original  mountain.  As  an 
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example,  contours  of  the  smoothed  terrain  field  for  the 
v=5/2,  y=1/2  case,  with  <H>(R=0)=.5  (obtained  with  a=.32a2), 
are  shown  in  Fig.  32.  The  unsmoothed  barrier  is  of  unit 
height  at  the  origin  and  decreases  away  from  the  peak, 
reaching  zero  along  the  dashed  elliptical  contour,  R=2.  The 
smoothing  has  produced  a  ridge  at  about  R= 1 . 6  and  a  concen¬ 
tration  of  topographic  contours  between  the  ridge  and  the 
R=2  ellipse.  The  resulting  barrier,  with  a  relatively  flat 
top  and  steep  sides,  has  a  larger  drag  in  relation  to  its 
height  than  the  original  terrain  (compare  the  progression  to 
larger  co  values  in  Fig.  20). 

For  sufficiently  small  smoothing  parameters,  the 
smoothed  terrain  height  decreases  monoton ically  from  the 
peak.  The  a  values  for  which  this  condition  obtains  in 
Fig.  31  are  those  to  the  right  of  the  circle  on  each  curve. 
The  left  portion  of  each  curve  corresponds  to  a  smoothing 
parameter  large  enough  to  appreciably  distort  the  terrain 
shape,  by  introducing  secondary  maxima  on  the  shoulders  of 
the  unsmoothed  barrier.  No  circle  appears  on  the  v- 5/2,  y=1 
curve  (Fig.  31b)  because  the  corresponding  dividing  point  is 
off-scale,  to  the  left,  at  <H> (R=0 ) =7/1 5 . 

Calculations  were  also  performed  for  rotated  barriers 
with  \//= 4 5 0  and  y=1/2.  A  plot  of  R D  versus  <H>(R=0)  (not 
shown)  was  found  to  be  very  similar  to  the  0  case  in 
Fig.  31a.  The  corresponding  ratio  for  the  transverse  force 
on  the  barrier  is  defined  by 
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Figure  32.  Terrain  height  contours  (interval  0.1)  for 
a  smoothed  elliptical  barrier  <H>= ( 1 +oV2 )H ,  with  H(R) 
defined  by  replacing  X  by  R  in  (9.2),  with  v  =  b/2  and  y=1/2. 
The  smoothing  parameter,  a=.32a2,  is  chosen  so  that 
<H> (X=Y=0 ) =0 . 5 .  <H>  is  zero  outside  the  dashed  contour, 

R=2 . 
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(11.20) 


Rt  is  shown  as  a  function  of  <H>(R=0)  in  Fig.  33.  The 
curves  for  RT  are  rather  similar  to  those  previously  dis¬ 
cussed  for  Rd,  although  RT  is  less  than  R^  over  almost  the 
entire  range  shown. 

11.3  Smoothing  by  spectral  truncation 

In  recent  years,  many  mathematical  models  of  meteor¬ 
ological  phenomena  have  been  formulated  in  terms  of  expan¬ 
sions  in  a  complete  set  of  basis  functions.  However,  to 
limit  the  amount  of  calculation  these  series  are  truncated 
at  a  finite  number  of  terms.  This  truncation  can  be  inter¬ 
preted  as  a  type  of  smoothing  because  it  is  usual  to  discard 
terms  from  the  high,  rather  than  the  low  frequency  end  of 
the  spectrum.  As  an  example  of  the  smoothing  effect  of 
spectral  truncation,  the  normalized  drag  per  unit  length, 
d^ ,  defined  by  (9.1),  is  calculated  in  the  following  for 
two-dimensional  flow  over  an  infinitely-extended  crosswind 
ridge . 

Suppose  that  H=H(X)  is  the  unsmoothed  terrain  shape. 

For  the  sake  of  this  example,  let  the  smoothed  terrain,  <H> , 
be  an  approximation  to  H  of  the  form 


y  h  h  cx/e)  , 

^  n  n 


(11.21) 


n  n 


n=0 


where  h  are  constant  coefficients  multiplying  Hermite 
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Figure  33.  Normalized  total  transverse  force,  PT, 
defined  by  (11.20),  for  a  barrier  with  smoothed  terrain 
height  <H>= ( 1 +aV2 )H ,  as  a  function  of  <H>(R=0).  Unsmoothed 
shapes,  H ( R ) ,  are  defined  by  replacing  X  by  R  in  (9.2),  with 
y=1/2,  but  rotated  by  45°.  For  sufficiently  large  o  (points 
to  the  left  of  the  circle  on  each  curve)  the  maximum  terrain 
height  does  not  occur  at  R=0,  due  to  changes  in  the  mountain 
shape . 


154 


polynomials,  Hn.  The  parameter,  f} ,  has  been  introduced  to 
increase  the  flexibility  of  the  expansion.  To  determine  hn , 
the  total  squared  difference,  E2,  between  H  and  <H>  is 
minimized,  by  requiring  3E2/dhn=0,  where 


E2 


dX 


(11.22) 


Using  the  orthogonality  property  of  Hermite  polynomials  (GR, 
p.  837 ) ,  one  f inds 
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n 


6  r  (3s)  2n  r(n+l) 


H(X)  H  (X/e)  e”x2/2e2dx 
n 


(11.23) 


See  Appendix  P  for  evaluation  of  (11.23)  for  specific  ter¬ 
rain  shapes,  H(X).  Given  h  ,  the  approximate  height  field 
(11.21)  can  be  efficiently  summed  for  a  specific  X  using 
recursion  relations  for  Hermite  polynomials  (GR,  p.  1033). 

To  evaluate  the  pressure  field  or  drag  per  unit  length 
for  the  smoothed  terrain,  its  Fourier  transform,  <H(/c)>,  is 
required.  Using  GR  (p.  838),  one  finds  from  (11.21)  and 
( B . 3 ) ,  that 


<H(k) > 


-K2B2/2  N 

1 - i r  l  h 

Hh)  2^  n=0 


in  H  (-<B)  . 

n 


(11.24) 


The  pressure  field  could  then  be  evaluated  by  substituting 
(11.24)  into  the  last  integral  in  (B.5)  (at  Y=0).  However, 
as  the  emphasis  in  this  section  is  on  the  drag  per  unit 
length,  examples  were  not  calculated  for  the  pressure  per¬ 
turbation  . 
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Substituting  (11.24)  into  (9.1)r  one  obtains  the  drag 
per  unit  length  due  to  the  smoothed  terrain: 


<d2> 


N  N 

I  I 

m=0  n=0 


h  h  d 
m  n  mn 
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(11.25) 


(11.26) 


Numerical  values  for  the  integrals,  dmn ,  were  initially 
found  using  recursion  relations  for  Hermite  polynomials. 

The  explicit  expressions  appearing  in  (11.26)  were  obtained 
subsequently,  by  inspection,  and  can  be  verified  by 
induction  in  combination  with  the  recursion  formulae.  The 
summation  (11.25)  can  be  interpreted  as  a  product  of  the 
form 

<d2>  =  hTd  h  (11.27) 

T 

where,  h  = ( h0 , h , , . . . hn )  is  a  vector  of  coefficients  describ¬ 
ing  the  height  field,  h  is  the  corresponding  column  vector 
and  d  is  a  positive-definite  symmetric  matrix  with  elements, 

d  .  Note  that  d  is  charac ter i st ic  of  the  choice  of  basis 
mn 

functions  in  the  spectral  expansion  (11.21)  of  the  height 
field,  but  is  independent  of  the  particular  terrain  shape. 
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Therefore,  even  if  one  examines  several  different  barriers, 
the  dmn  values  need  be  calculated  only  once.  For  the 
symmetrical  terrain  forms  considered  in  this  paper,  it  is 
only  the  case  of  m  and  n  both  even  that  has  non-zero 
coefficients  in  the  drag  sum  (11.25). 

Two  examples  were  chosen  to  illustrate  the  mathematical 
results  of  this  section.  The  first  of  these  is  the  Agnesi 
case  U=1  in  (9.2),  but  with  a2=1),  H=(1+X2)'1.  In  Fig.  34, 
H  (dashed  curve,  N=»)  is  plotted  as  a  function  of  X,  along 
with  the  approximation,  <H> ,  provided  by  (11.21),  with  £=  1  , 
for  truncations  N=2  and  4.  The  expansion  coefficients,  h  , 
appearing  in  (11.21)  are  given  by  (P.7)  and  (P.8).  Because 
the  unsmoothed  terrain  is  already  relatively  smooth,  the 
spectral  expansion  gives  a  reasonably  good  approximation  to 
H,  even  for  N  as  low  as  4.  The  effect  on  the  drag  per  unit 
length  of  truncating  the  series  at  different  values  of  N  is 


seen  in  Fig.  35.  The  ratio,  R  (N),  defined  by 


<d2> 

Rd(N) 


H 


■v  2 


<H> 


(11.28) 


X=0 


is  plotted  as  a  function  of  the  smoothed  height  at  the 
origin,  <H>(X=0).  Here  d2  =  7r/4  and  H(X=0)  =  1  are  the  values 
corresponding  to  the  unsmoothed  terrain.  The  definition 
(11.28)  is  analogous  to  (11.17)  for  the  total  drag  used  in 
the  discussion  of  differential  smoothing,  with  the  trunca¬ 
tion  limit,  N,  replacing  the  parameter,  a.  From  the  points 
at  the  upper  right  in  Fig.  35,  it  is  seen  that  including 
only  one  or  two  terms  (N=0  or  2)  in  the  spectral  expansion 
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Figure  34.  Terrain  height,  H=1/(1+X2)  versus  X  (dashed 
curve  labelled  N=»)  and  a  truncated  spectral  series  approx¬ 
imation  to  H,  <H> ,  for  truncation  limits  N=2  and  4  (solid 
curves),  with  £= 1  in  (11.21). 
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Figure  35.  Normalized  drag  per  unit  crosswind  length, 
Rd ,  defined  by  (11.28),  for  a  barrier  represented  by  a  trun¬ 
cated  spectral  series.  Examples  shown  are  for  the  Agnesi 
barrier  with  height  H=1/(1+X2)  and  the  sinusoidally  mod¬ 
ulated  case  with  H=  (  1 -B+Bcosf2X )  exp(-X2).  Points  correspond 
to  successive  even  values  of  the  series  truncation  limit,  N 
(indicated  in  small  type).  Line  segments  joining  the  points 
are  for  visualization  purposes  only.  The  dashed  curve  gives 
the  result  for  the  barrier  <H>= ( 1 +aV2 ) ( 1/( 1 +X2 ) ) . 
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leads  to  Rd  values  which  are  significantly  greater  than  1 
(1.27  and  1.28,  respectively).  Including  the  N=4  term  in 
the  series  leads  to  a  large  change  in  R  ,  so  that  the  drag 
per  unit  length  for  the  smoothed  terrain  is  less  than  10% 
larger  than  the  value  expected  from  the  reduced  height  at 
the  origin.  Studying  numerical  results  for  <d2>  it  was 
found  that  it  steadily  decreases  to  the  value  for  unsmoothed 
terrain  as  N  increases.  However,  oscillation  in  the  value 
of  <H>(X=0)  causes  Rd  to  approach  1  along  a  zigzag  path  in 
Fig .  35 . 

For  comparison,  the  drag  per  unit  length  for  terrain 
smoothed  with  the  operator,  1+aV2 ,  was  calculated  for  the 
Agnesi  barrier,  using  the  formula  (11.11).  The  result  is 
plotted  as  the  dashed  curve,  labelled  o,  in  Fig.  35. 

Although  both  the  spectral  truncation  and  differential 
smoothing  operations  lead  to  Rd  values  greater  than  1  for 
this  terrain  shape,  the  degree  to  which  the  drag  per  unit 
length  is  near  the  value  expected  from  the  height  at  the 
origin  differs  in  the  two  cases.  In  spite  of  the  fact  that 
the  differential  smoothing  operation  can  lead  to  larger 
changes  in  the  height  of  the  barrier,  it  apparently  pre¬ 
serves  the  shape  of  the  mountain  more  precisely  than  the 
spectral  truncation.  This  leads  to  smaller  Rd  values  in  the 
former  case,  for  a  given  value  of  <H>(X=0). 

A  second  example  chosen  for  study  is  the  sinusoidally 
modulated  Gaussian  terrain,  H=  (A+Bcos£2X)exp(-X2 )  ,  with 
0=1 //2  in  (11.21).  The  expansion  coefficients  for  this  case 


, 
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are  given  in  (P.10).  The  R  and  <H>(X=0)  values  for  several 

d 

cases  of  this  type  are  shown  in  Fig.  35.  If  only  the  N=0 

term  is  included  in  the  series  for  <H>,  then  <d  >=h02  and 

2 

<H>(X=0)=ho  so  Rd  reduces  to  1 /d 2 •  Thus,  the  position  of 
the  N=0  end  of  each  curve  in  Fig.  35  can  be  determined  from 
the  drag  per  unit  length  for  the  unsmoothed  terrain  plotted 
in  Fig.  23b.  From  the  latter  figure,  one  can  see  that  Rd 
for  the  N=0  truncation  should  be  near  1  for  small  values  of 
£2.  However,  for  £2  larger  than  about  2,  Rd  can  differ 
appreciably  from  unity,  either  on  the  high  or  low  side, 
depending  on  the  particular  combination  of  frequency,  £2,  and 
amplitude,  B.  For  sufficiently  large  £2,  Rd<1  for  all 
non-zero  B. 

Now  consider  the  effect  of  additional  terms  in  the 
series  for  <H>.  For  example,  including  the  N=2  term  changes 
the  drag  and  height  by  a  relatively  large  amount  for  the 
B=.4,  £2=4  case,  but  by  progressively  smaller  amounts  as  £2 
increases.  For  the  £2=8  curves  in  Fig.  35,  the  N  =  2  contribu¬ 
tion  to  Rd  and  <H>(X=0)  is  negligible.  This  is  the  case  for 
both  B= . 4  and  B= . 1 ,  even  though  Rd  and  <H>(X=0)  themselves 
are  much  different  for  the  the  two  B  values.  Because  of  the 
comparative  smoothness  of  the  terrain  in  the  low  £2  cases, 
the  inclusion  of  just  a  few  terms  in  the  spectral  series 
leads  to  rapid  convergence  of  the  drag  value  to  the  un¬ 
smoothed  result.  More  terms  must  be  added  to  represent  the 
terrain  accurately  as  the  frequency  of  the  sinusoidal  varia¬ 
tion  increases.  As  an  example,  the  terrain  height,  H,  with 
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A=.6,  B=.4  and  8= 8  is  plotted  as  a  function  of  X  in  Fig.  36 
(dashed  curve),  along  with  <H>  for  N=10  and  N=20.  For  X<1, 
the  N=20  curve  follows  the  variation  in  H  reasonably  well, 
although  the  extrema  for  larger  X  have  greater  magnitude  for 
the  <H>  case.  This  may  account  for  the  fact  that  Rd > 1  for 
the  N=20  truncation.  By  comparison,  the  height  field  for 
the  N=10  series  follows  the  peaks  and  valleys  of  the 
unsmoothed  terrain  very  poorly,  leading  to  Rd<.8  for  this 
case,  as  is  seen  from  the  bottom  curve  in  Fig.  35. 

In  this  study  of  the  effects  of  terrain  smoothing  on 
the  drag  associated  with  mountain  waves,  two  rather  differ¬ 
ent  smoothing  processes  have  been  considered.  In  both  the 
differential  operator  and  spectral  truncation  approaches, 
the  maximum  terrain  height  is  reduced  by  the  smoothing, 
leading  to  a  reduction  in  drag.  The  main  point  to  be  made, 
however,  is  that  the  smoothing  not  only  changes  the  barrier 
height,  but  also  changes  its  shape.  As  a  consequence,  the 
drag  on  a  flow  over  the  smoothed  mountain  can  be  either 
larger  or  smaller  than  one  would  predict  from  a  quadratic 
dependence  on  height.  For  the  Laplacian  smoothing  examples 
the  drag  and  transverse  forces  were  predominantly  larger 
than  expected.  However,  in  the  series  expansion  case,  the 
drag  per  unit  length  was  seen  to  differ  from  a  height- 
squared  dependence  by  as  much  as  20%  in  either  direction. 

The  specific  numerical  results  for  the  effect  of  smoothing 
on  the  drag  are  rather  sensitive  functions  of  the  initial 
terrain  shape  and  the  type  of  smoothing  operation. 
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Figure  36.  Terrain  height,  H= (A+Bcos&X)  exp(-X2),  with 
A=.6,  B=.4  and  S2=  8  (dashed  curve  labelled  N=®)  and  a  trun¬ 
cated  spectral  series  approximation  to  H,  <H>,  for  trunca¬ 
tion  limits  N=10  and  20  (solid  curves),  with  /?=1//2  in 
(11.21). 


CHAPTER  12 


APPLICATION  OF  THE  LINEAR  MODEL  TO  REALISTIC  TERRAIN 
12.1  Model  limitations 

In  this  chapter,  the  linear  model  introduced  in 
Chapter  3  is  applied  to  the  flow  of  air  over  a  representa¬ 
tion  of  the  Rocky  Mountains  in  Western  Canada.  This  calcu¬ 
lation  was  undertaken  to  determine  if  topographic  factors 
can  be  used  to  explain  the  double  maximum  in  the  pattern  of 
lee  cyclone  formation  in  Southern  Alberta  that  was  discussed 
in  Chapter  2.  However,  the  relationship  between  the  fine 
details  of  the  terrain  shape  and  of  the  cyclogenesis  loca¬ 
tion  maps  is  not  sufficiently  definite  to  permit  more  than 
speculation  about  the  origin  of  the  frequency  maximum.  This 
result  is  not  surprising  in  view  of  the  simple  nature  of  the 
model  and  the  limited  sample  of  cyclogenesis  events. 

The  linearity  constraint  and  the  neglect  of  the 
Coriolis  force  are  two  shortcomings  of  the  model  which 
require  that  the  results  presented  in  this  chapter  be 
regarded  with  caution.  As  discussed  by  Smith  (1980,  1982), 

the  Froude  number  based  on  mountain  height,  F=U/hN,  can  be 
used  as  an  indicator  of  the  extent  to  which  linear  theory  is 
valid.  Nonlinear  effects  are  expected  to  become  important 
for  F  less  than  about  1.  For  the  Rocky  Mountain  case,  with 
h  in  the  2-3  km  range,  the  flow  will  be  in  the  nonlinear 
regime  for  typical  values  of  wind  speed  and  stability.  How¬ 
ever,  for  situations  in  which  the  mountain  wave  amplitude  is 


163 


' 


164 


small  enough  that  streamlines  do  not  become  vertical  in  the 
lee  (that  is,  the  wave  does  not  ’break’),  Smith  (1982) 
comments  that  'the  qualitative  nature  of  the  flow  is  not 
greatly  changed  by  nonlinear  effects’.  Whether  or  not  wave 
breaking  occurs  depends  on  the  vertical  structure  of  the 
wind  and  temperature.  For  example,  if  the  wind  speed 
decreases  with  height,  an  upwardly  propagating  wave  might 
overturn  as  it  encounters  a  region  of  lower  Froude  number. 
Such  a  case  is  presented  by  Durran  and  Klemp  (1983). 

The  Rossby  number,  Ro=U/Lf ,  based  on  a  streamwise  hori¬ 
zontal  scale,  L,  is  the  appropriate  dimensionless  ratio  for 
discussing  the  role  of  the  Coriolis  parameter,  f,  in  moun¬ 
tain  airflow.  Rotational  effects  could  be  important  for  Ro 
less  than  about  1.  Taking  L=100  km  as  a  typical  length 
scale  for  an  individual  mountain  range  in  Western  Canada, 
Ro-1  for  U= 1 0  ms'1.  For  cases  of  relatively  strong  cross¬ 
barrier  flow,  with  U»  1 0  ms"1,  the  air  has  less  time  to  be 
accelerated  by  the  Coriolis  force,  so  the  influence  of  the 
Earth's  rotation  is  reduced.  By  studying  an  expansion  of 
the  equations  of  motion  in  terms  of  1/Ro,  Smith  (1982) 
showed  that  the  pressure  perturbation  is  affected  by  rota¬ 
tion  at  second  order  in  1/Ro,  whereas  the  horizontal  wind 
fields  require  first-order  corrections.  The  main  effect  of 
a  non-zero  Coriolis  parameter  on  the  wind  perturbation  is  an 
increase  in  the  air  speed  on  the  high-latitude  side  of  the 
barrier  and  a  decrease  on  the  low-latitude  side.  Parish 
(1982)  has  studied  the  role  of  the  Coriolis  force  in  the 
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development  of  a  low-level  jet  parallel  to  a  long  ridge,  on 
the  windward  side.  Because  of  its  quadratic  dependence  on 
1/Ro,  the  pressure  perturbation  field  is  relatively 
unaffected  by  rotation,  compared  to  the  horizontal  wind 
components,  if  Ro  >>  1.  This  condition  on  Ro  is  not  satis¬ 
fied  for  the  case  of  flow  over  the  Rocky  Mountains  in 
Western  Canada,  unless  U>>10  ms'1.  In  spite  of  this,  some 
results  of  the  application  of  a  linear  model  excluding 
rotation  will  be  presented,  if  only  to  provide  a  basis  for 
comparison  with  more  appropriate  models. 

Even  if  the  effect  of  rotation  is  neglected  in  the 
calculation  of  the  perturbation  fields,  it  can  be  incor¬ 
porated  into  U,  the  mean  flow.  Supposing  that  a  mean  flow 
of  speed  U  is  geost rophically  balanced,  it  is  related  to  a 
mean  pressure  field  P,  by 

P  =  -  p^U  f  (ycosij;  -  xsinij;)  +  ,  (12.1) 

where  P0  is  an  arbitrary  constant  and  \p  is  the  angle  meas¬ 
ured  counterclockwise  from  the  +x  axis  (due  east)  to  the 
direction  of  the  wind  vector.  Fig.  37  shows  the  total  pres¬ 
sure  field,  P  ,  found  by  adding  the  pressure  perturbation  of 
Fig.  8a  (multiplied  by  the  dimensional  factor,  p0 U  N  h0 )  to 
the  mean  pressure  given  by  (12.1).  Values  of  the  horizontal 
length  scales  used  for  this  figure  are  a=25  km  and  b=50  km. 
The  other  parameters  were  chosen  as  U= 1 0  ms'1,  h0=1  km, 
p0=1  kg  m'3,  f  =  .000  1  s'1,  N= .  0  1  s' 1  ,  \p=0  and  Po  =  0.  The 
contour  interval  is  0.1  mb.  The  dashed  curve  is  the  terrain 
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Figure  37.  Contour  plot  of  the  total  pressure,  PT  , 
defined  by  adding  the  mean  pressure  defined  by  (12.1)  to  the 
dimensional  form  of  t_he  p  =  2  perturbation  from  F_i_g.  8a.  Mean 
_flow  parameters  are  U=10  m  s' 1  ,  po=1*0  kg  nr  3  ,  N  =  0.01  s 
x//=  0,  and  Po  =  0.  Also,  f  =  0 . 0  0  0  1  s'1  and  h0=1  km.  The  contour 
interval  is  0.1  mb.  The  dashed  curve  is  the  500  m  terrain 
height  contour. 
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surface  at  the  500  m  level.  Because  the  total  pressure  is 
directly  proportional  to  p0  and  U,  the  figure  would  be  un¬ 
changed  if  p o  or  U  were  varied,  except  for  the  labelling  of 
the  contours.  Note  that  physical  coordinates  have  been  used 
in  Fig.  37  rather  than  the  dimensionless  ones  used  in  Fig.  8. 

If  one  were  to  look  for  the  pressure  signature  of  a 
hydrostatic  mountain  wave  using  real  data,  one  would  expect 
to  find  a  pattern  similar  to  Fig.  37.  Smith  (1981,  1982) 

has  reported  several  cases  of  this  type,  including  flow  over 
the  Olympic  Mountains  in  Washington  state,  and  over  islands 
such  as  New  Zealand  and  Iceland.  Although  surface  pressure 
is  one  of  the  best  resolved  meteorological  fields,  a  finer 
network  of  observing  stations  would  be  very  helpful  in  the 
present  context. 


12.2  Realistic  Terrain 

Now  consider  the  application  of  the  linear  model  (with 
no  Coriolis  force)  to  flow  over  a  representation  of  the 
topography  in  Western  Canada.  Through  the  Canadian  Meteor¬ 
ological  Centre,  terrain  height  data  on  magnetic  tape  was 
obtained  for  the  entire  Northern  Hemisphere.  The  data 
originated  at  the  European  Centre  for  Medium-Range  Weather 
Forecasting.  The  terrain  heights  were  nominally  given  to 
the  nearest  100  ft  as  averages  over  10'  latitude  by  10" 
longitude  quadrangles  (approximately  19  km  by  11  km  at 
55°N).  However,  a  frequency  analysis  of  the  reported 
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heights  showed  an  excessive  number  of  certain  values,  sug¬ 
gesting  that  the  heights  had  been  rounded  to  the  nearest  500 
or  1000  ft  in  some  regions  of  higher  terrain.  This  is  not 
unreasonable  in  view  of  the  large  variation  in  surface 
elevation  that  can  occur  in  a  200  km2  region. 

To  illustrate  the  complex  structure  of  the  barrier 
presented  to  the  prevailing  winds  in  Western  North  America, 
cross-sections  of  the  terrain  height  are  shown  in  Fig.  38. 
The  vertical  scale  on  each  portion  of  the  figure  extends 
from  sea  level  to  3000  m.  The  divisions  in  the  horizontal 
direction  correspond  to  100  km  intervals,  measured  along 
great  circle  arcs  on  a  sphere  of  radius  6371  km  at  sea- 
level.  The  arcs  chosen  are  inclined  at  an  angle  of  55°  east 
of  north  at  the  midpoints  of  the  sections.  The  latitude  and 
longitude  of  the  midpoints  of  each  section  are  marked  on  the 
corresponding  diagrams.  The  profiles  are  roughly  perpendic¬ 
ular  to  the  main  ridge  of  the  Rocky  Mountains.  They  extend 
approximately  from  the  Continental  Divide  to  the  west  coast 
of  North  America  and  about  an  equal  distance  on  the  east 
side  of  the  Divide.  For  reference,  the  cross-sections  are 
indicated  on  Fig.  39.  In  Fig.  38,  the  northernmost  cross- 
section  appears  in  (a)  with  a  southward  progression  through 
to  (1).  The  most  southerly  terrain  profile  shows  the 
greatest  degree  of  symmetry.  In  the  other  cross-sections, 
there  is  a  marked  difference  between  the  western  and  eastern 
sides  of  the  Continental  Divide.  The  western  (left)  side  of 
the  barrier  is  rather  chaotic,  with  numerous  ranges,  and 
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Figure  38.  Average  terrain  height  cross-sections  in 
Western  Canada,  as  shown  in  Fig.  39,  centered  about  the  lat¬ 
itude  and  longitude  marked  on  each  profile.  Tick  marks  are 
separated  by  100  km  on  the  abscissa  and  500  m  on  the 
ordinate . 
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Figure  39.  Map  showing  positions  of  the  cross-sections 
in  Fig.  38  and  the  areas  for  which  the  pressure  perturbation 
was  calculated  (large  boxes,  approximately  centered  about 
the  marked  circles)  and  displayed  (small  boxes)  in 
Figs.  40-44.  In  these  calculations,  the  terrain  height  was 
set  equal  to  zero  outside  the  sector  from  40°N  to  65°N  and 
100°W  to  1 45°W. 
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shows  large  changes  in  appearance  between  cross-sections 
separated  by  only  0.5°  latitude.  In  contrast,  the  eastern 
(right)  side  of  the  barrier  is  much  smoother.  This  is 
especially  true  of  panels  (h)  through  (1),  which  show  cross- 
sections  passing  through  the  southern  half  of  Alberta.  For 
these  sections,  the  average  terrain  height  drops  from  a 
maximum  of  2500-3000  m  to  about  1000  m,  in  a  distance  of 
about  100  km,  and  then  falls  off  much  more  gradually  to  the 
east.  For  the  mountains  of  Northeastern  B.C.,  shown  in  (a) 
through  (e),  the  average  height  is  only  1500-2000  m  and 
there  is  a  less  uniform  decrease  with  eastward  displacement 
than  for  the  Southern  Alberta  cases. 

To  calculate  the  pressure  perturbation,  p'  resulting 
from  flow  over  this  terrain,  a  Fast  Fourier  Transform  method 
was  used  to  evaluate  the  Fourier  transform  of  the  height 
field  (B.3)  and  the  first  integral  in  (B.5).  The  numerical 
procedure  is  outlined  in  Appendix  J.  In  the  model  used,  the 
motion  is  assumed  to  occur  on  a  plane  surface,  rather  than  a 
sphere.  Therefore,  one  must  map  the  terrain  height  field  on 
to  a  plane.  The  method  used  to  accomplish  this  was  likely 
more  complicated  than  necessary,  in  view  of  the  many  limit¬ 
ations  of  the  model,  so  the  full  development  of  the  equa¬ 
tions  will  not  be  presented  here.  It  suffices  to  state  that 
the  following  transformation  was  made  to  associate  a  point 
on  the  Earth’s  surface  at  latitude,  <t> ,  and  longitude,  X, 
with  a  point  in  the  (x,y)  plane  : 
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x  =  Re  arcsin(cos<J>sin(A-Ao))  , 

y  =  R  arcsin(sin<f>cos(J>  -cos<J>sincf>  cos(A-A  )} 

o  o  o  J 


(12.2) 


Here  Re=6371  km  is  the  mean  radius  of  the  Earth.  The  para¬ 
meters  <p0  and  X0  specify  the  latitude  and  longitude  of  the 
origin  x  =  y  =  0.  For  <t>  near  <p0  and  X  near  X0,  x  and  y  given  by 
(12.2)  are  similar  to  coordinates  defined  by  projection  from 
the  center  of  the  Earth  on  to  a  tangent  plane.  One  reason 
for  choosing  the  coordinates  (12.2)  instead  of  the  tangent- 
plane  coordinates,  is  that  distance  measured  along  the  x  or 
y  axis  is  equal  to  distance  along  the  curved  surface  of  the 
Earth . 


The  Fast  Fourier  Transform  procedure  requires  that  the 
height  field  be  sampled  on  a  uniform  grid  of  points  in  the 
(x,y)  plane.  Given  a  point  (x,y),  the  corresponding  lati¬ 
tude  and  longitude  can  be  found  from  (12.2)  and,  subsequent¬ 
ly,  the  average  terrain  height.  A  matrix  of  256  by  256 
height  values  was  generated  in  this  way,  with  a  resolution 
of  10  km  in  x  and  in  y.  Two  separate  regions  were  consid¬ 
ered,  one  centered  approximately  at  (tf>0=51.5°N,  X0=117°W), 
which  will  be  termed  the  Southern  Alberta  case,  and  the 
other  at  (0O=56.5°N,  X0=123°W),  the  Northeastern  B.C.  case. 
The  pressure  field  was  then  calculated  for  each  area,  with 
values  given  at  the  same  256  by  256  points.  However,  to 
avoid  contamination  from  edge  effects  and  the  periodicity 
implicit  in  the  discrete  Fourier  transform  method  (see 
Appendix  J),  results  are  presented  for  only  a  small  interior 
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portion  of  the  grid.  In  Fig.  39,  the  regions  covered  by  the 
256  x  256  grids  are  shown  on  a  polar  stereographic  map,  true 
at  60°N .  The  areas  for  which  the  Southern  Alberta  and 
Northeastern  B.C.  results  will  be  displayed  are  also  out¬ 
lined  . 

At  the  start  of  this  project,  to  limit  computer  storage 
requirements,  the  terrain  heights  were  extracted  from  the 
magnetic  tape  for  a  limited  sector,  extending  from  40°N  to 
65°N  and  100°W  to  145°W.  However,  when  the  calculations 
were  extended  from  an  initially  planned  grid  of  128  x  128 
points  to  the  256  x  256  points  ultimately  used,  the  new  grid 
extended  beyond  the  boundary  of  the  sector  just  described. 
For  convenience,  the  terrain  height  at  these  external  points 
was  set  equal  to  zero.  However,  it  is  expected  that  using 
the  actual  terrain  heights  for  these  points  would  have 
little  effect  on  the  pressure  perturbation  in  the  display 
windows  in  the  interior  of  the  grid. 

First  consider  the  results  for  the  Southern  Alberta 
region.  In  Fig.  40a,  topographic  contours  are  plotted  at  an 
interval  of  250  m.  The  darkest  level  of  shading  highlights 
regions  where  the  mean  height  is  greater  than  2250  m.  With¬ 
in  the  innermost  dashed  contours,  the  terrain  height  exceeds 
2500  m.  In  Fig.  40b,  the  corresponding  pressure  field  is 
shown  for  a  mean  wind  at  an  angle,  4/=35°  north  (counter¬ 
clockwise)  of  east.  The  contour  interval  is  0.25  mb  (25  Pa) 
assuming  that  U=10  m  s' 1 ,  N= . 0 1  s'1  and  Po=1.0  kg  m'3. 

The  darkest  shading  indicates  a  perturbation  of  less  than 
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“1.0  mb,  with  the  small  dashed  contours  denoting  a  pressure 
of  less  than  “1.25  mb.  The  shading  indicates  the  region  in 
which  the  pressure  perturbation  is  negative,  except  for  the 
areas  with  horizontal  lines.  These  denote  positive  pertur¬ 
bations  greater  than  0.50  mb.  This  pressure  field  was  con¬ 
structed  from  an  appropriate  linear  superposition  of  the 
fields  due  to  the  westerly  and  southerly  flows  shown  in 
Figs.  41a  and  41b,  respectively.  This  superposition  is 
similar  in  principle  to  (5.15)  except  that  here  the  wind 
vector  is  rotated  rather  than  the  barrier.  Similarly, 

Fig.  42b  illustrates  the  case  of  a  flow  directed  35°  south 
(clockwise)  of  east  (^=-35°).  The  height  field  has  been 
repeated  in  Fig.  42a,  for  convenience.  Comparing  the  pres¬ 
sure  fields  shown  in  these  figures,  it  is  seen  that  the  area 
of  significant  pressure  perturbation  is  much  greater  on  the 
lee  side  of  the  barrier  if  the  flow  is  directed  nearly  per¬ 
pendicular  to  the  mountain  range,  as  in  Fig.  40b.  Because 
of  interference  between  the  pressure  fields  due  to  the  many 
individual  ridges  on  the  British  Columbia  side  of  the 
Continental  Divide,  the  pressure  perturbation  field  is 
generally  disorganized  and  weak  in  the  lower  left  portions 
of  the  figures.  The  most  extensive  areas  of  positive  pres¬ 
sure  perturbation  occur  for  westerly  (Fig.  41a)  and  north¬ 
westerly  (Fig.  42b)  flow. 

Comparison  of  the  height  and  pressure  maps  shows  that 
the  minima  in  the  pressure  typically  occur  50  to  100  km 
downstream  of  the  major  topographic  features.  This  is 
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(b)  As  in  Fig.  40b,  except  \p=-35 
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coincident  with  the  length  scale  over  which  the  mountains 
show  a  large  slope  in  the  cross-sections  of  Fig.  38  (panels 
(h)  through  (1)).  The  magnitude  of  the  extreme  pressure  in 
the  lee  is  not  uniform  along  the  length  of  the  ridge.  The 
distribution  of  negative  pressure  perturbation  is  similar  to 
the  pattern  of  terrain-induced  descending  motion  described 
by  Charette  (1971,  p.  58).  For  all  of  the  wind  directions 
shown  here,  there  is  a  small  region  ofrelatively  weak  per¬ 
turbation  near  51°N  and  115°W,  which  is  associated  with  the 
Bow  River  Valley.  Although  this  gap  in  the  mountains  is 
directly  upstream  (in  the  ^=35°  case)  of  the  break  between 
the  two  maxima  in  the  areal  density  of  cyclogenesis  fre¬ 
quency  seen  in  Fig.  1,  it  would  be  unwise,  at  this  point,  to 
suggest  any  causal  link  between  the  two. 

Next  consider  the  Northeastern  B.C.  region.  Topograph¬ 
ic  contours  are  shown  in  Fig.  43a.  The  display  window 
chosen  for  this  case  is  slightly  smaller  than  for  the  South¬ 
ern  Alberta  case,  but  the  figures  are  plotted  using  the  same 
map  scale  to  facilitate  comparison.  As  can  be  seen  by 
looking  at  the  intersection  of  55°N  and  120°W,  there  is  a 
region  of  overlap  between  Figs.  43a  and  40a.  Considering 
that  the  grid  of  points  upon  which  the  contouring  is  based 
has  a  slightly  different  orientation  in  the  two  figures,  the 
correspondence  between  the  two  contour  maps  is  reasonable. 

As  already  seen  in  the  cross-section  plots  (Fig.  38), 
the  mountains  are  significantly  lower  in  the  Northeastern 
B.C.  ranges  than  in  Southern  Alberta.  Nevertheless,  the 


,  n 


179 


Figure  43.  As  in  Fig.  40,  except  showing  the  Northeastern  B.C.  region  (\p=  35 
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steepness  of  the  lee  slope  is  comparable  along  at  least  some 
cross-sections  (for  example,  see  Fig.  38b).  This  is  re¬ 
flected  in  the  pressure  perturbation  field  for  the  \//=35° 
case,  shown  in  Fig.  43b.  Although  the  area  of  significant 
perturbation  is  smaller  than  in  the  Southern  Alberta  cases, 
the  magnitude  of  the  extreme  perturbation  is  about  the  same. 
There  is  a  close  correspondence  between  the  position  of  the 
minimum  in  the  pressure  field  in  Fig.  43b,  and  a  maximum  of 
lee  cyclogenesis  frequency  per  unit  area  in  Fig.  1. 

In  Figs.  44a  and  44b,  the  pressure  perturbations  are 
shown  for  westerly  (\p=0)  and  southerly  flow  (0*90°),  res¬ 
pectively.  The  most  significant  pressure  perturbations  are 
seen  with  a  wind  from  the  west  or  southwest,  with  a  rela¬ 
tively  weak  perturbation  being  produced  by  a  southerly  flow. 

To  conclude  this  section,  a  brief  comparison  will  be 
made  between  the  total  pressure  field  (perturbation  plus 
mean)  and  a  lee  trough  analyzed  from  real  weather  data.  In 
Fig.  45,  a  mean  pressure  field  corresponding  to  a  geostroph- 
ic  wind  of  10  m  s'1  has  been  added  to  the  perturbation  field 
of  Fig.  40b.  Contours  are  shown  at  1  mb  intervals.  A 
constant  Coriolis  parameter  of  value  f=1. 15x10'“  s'1  was 
used.  Fig.  45a  corresponds  to  the  choice  N=.01  s" 1  for  the 
buoyancy  frequency.  In  Fig.  45b,  N=.02  s*1,  so  that  the 
amplitude  of  the  pressure  perturbation  is  twice  as  large. 

One  of  the  problems  in  trying  to  apply  a  model  with  such  a 
simple  vertical  structure  is  choosing  a  value  for  N. 

N=.01  s'1  is  more  representative  of  the  real  atmosphere  than 
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.02  s'1.  However,  putting  a  realistic  temperature  in  the 
model,  such  as  T=260°K,  leads  to  a  value  of  N,  calculated 
f rom  (3.13),  of  .019  s"  1  . 

For  comparison,  Fig.  46  shows  a  weather  map  with  sur¬ 
face  isobars  (solid  curves,  labelled  in  millibars)  and  con¬ 
tours  of  geopotential  height  at  500  mb  (dashed  curves,  la¬ 
belled  in  tens  of  geopotential  metres)  based  on  an  analysis 
by  the  Canadian  Meteorological  Centre  for  1200  UTC  on  2 
February  1984.  The  region  depicted  in  Fig.  45  is  shaded  in 
Fig.  46.  Wind  barbs,  in  standard  notation,  show  the  500  mb 
wind  in  knots.  The  flow  at  500  mb,  of  about  20  m  s'1  up¬ 
stream  of  the  Continental  Divide,  is  nearly  perpendicular  to 
the  main  range  of  the  Rocky  Mountains.  The  contours  at 
700  mb  (not  shown)  show  a  similar  configuration.  The  sur¬ 
face  analysis  indicates  a  windward  ridge  and  lee  trough 
which  are  vaguely  similar  to  the  corresponding  features  in 
Fig.  45.  However,  the  width  of  the  trough  calculated  from 
the  simple  theory  is  significantly  less  than  that  seen  in 
Fig.  46  and  occurs  closer  to  the  barrier.  In  application  of 
a  more  complicated  linear  model,  which  included  rotation,  to 
flow  over  the  Bavarian  Hills,  Somieski  (1981)  also  found  the 
observed  pressure  field  to  be  characterized  by  a  larger  hor¬ 
izontal  scale  than  seen  in  the  model.  As  noted  by  Somieski, 
the  network  of  synoptic  stations  is  inadequate  to  properly 
verify  the  mesoscale  details  of  a  numerical  model. 
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Figure  46.  Surface  isobars  (solid  curves,  in  mb)  and 
500  mb  geopotential  height  contours  (dashed  curves,  in  tens 
of  gpm)  at  1200  UTC  on  2  February  1984.  Wind  barbs  show  500 
mb  wind  speed  in  knots.  Shaded  region  corresponds  to 
Fig .  45 . 


CHAPTER  13 


SUMMARY  AND  POSSIBILITIES  FOR  FUTURE  STUDY 
13.1  Summary 

The  research  that  is  summarized  in  this  thesis  con¬ 
sisted  primarily  of  three  components:  a  review  of  theory  and 
observations  of  lee  cyclogenesis;  application  of  a  simple 
model  to  the  determination  of  the  surface  pressure  perturba¬ 
tion  due  to  an  isolated  three-dimensional  barrier;  and,  the 
calculation  of  the  net  force  exerted  on  the  terrain  surface 
by  the  air  in  the  same  linear  model.  Some  of  the  main 
results  from  these  three  areas  will  now  be  summarized. 

In  the  review  of  lee  cyclogenesis,  given  in  Chapter  2, 
the  discussion  centered  on  conservation  of  potential  vorti- 
city.  Typical  sequences  of  lee  cyclone  formation  were  con¬ 
sidered  for  Alpine  and  Rocky  Mountain  regions.  In  both 
cases,  a  two-step  process  may  be  involved,  with  the  devel¬ 
opment  of  an  area  of  enhanced  low-level  vorticity  in  the  lee 
which  is  subsequently  overtaken  by  an  advancing  upper 
trough.  In  Chapter  3,  a  study  was  made  of  the  data  compiled 
by  Chung  (1972)  on  the  formation  of  lows  in  the  lee  of  the 
Rocky  Mountains  in  Western  Canada.  It  was  found  that  the 
areal  density  of  cyclogenesis  frequency  is  a  sensitive  func¬ 
tion  of  the  area  over  which  cyclone  counts  are  averaged,  at 
least  for  the  small  sample  size  considered.  Attention  was 
focussed  on  the  existence  of  two  maxima  of  cyclogenesis  fre¬ 
quency  per  unit  area  in  the  southern  half  of  Alberta.  Of 
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these  maxima,  the  northern  one  showed  a  deficiency,  and  the 
southern  one  an  excess,  of  lee  cyclones  that  were  classi¬ 
fied  as  having  relatively  short  trajectories.  A  similar 
pattern  was  noted  for  lee  lows  that  were  not  associated  with 
upstream  parent  cyclones. 

In  Chapters  3,  4,  5,  and  7,  linear,  hydrostatic  theory 
was  applied  to  the  airflow  over  a  class  of  three-dimensional 
elliptical  mountains,  with  an  emphasis  on  departures  from 
two-dimensional  flow.  Because  of  the  unsheared,  isothermal 
structure  of  the  upstream  flow,  analytical  solutions  for 
several  surface  fields  of  interest  could  be  obtained.  The 
results  have  been  discussed  mainly  in  terms  of  the  depend¬ 
ence  of  these  fields  on  three  geometric  parameters:  1)  the 
ratio  of  two  horizontal  terrain  length  scales,  y=a/b;  2)  the 
terrain  height  exponent,  n,  which  is  related  to  the  maximum 
barrier  slope  and  its  behavior  away  from  the  peak;  and  3) 
the  barrier  orientation  angle,  \p . 

To  indicate  the  role  of  the  parameter  y,  some  of  the 
characteristics  of  flow  over  three-dimensional  barriers 
( Y > 0 )  were  compared  to  those  of  flow  in  vertical  planes, 
over  inf  in i tely-long  ridges  having  the  same  cross-section 
( y  =  0 )  .  The  surface  pressure  perturbation  in  a  three- 
dimensional  case,  with  y=1,  has  an  extreme  value  which  is 
typically  about  30%  less  than  the  two-dimensional  one,  and 
occurs  closer  to  the  barrier  peak.  Also,  for  a  given 
exponent,  \i ,  the  perturbation  falls  off  more  rapidly  with 
distance  from  the  top  of  an  isolated  barrier  than  from  an 
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extended  ridge.  The  maximum  pressure  perturbation  in  the 
case  of  flow  in  vertical  planes  is  found  to  be  within  10%  of 
that  for  the  full  three-dimensional  flow  solution,  if  the 
crosswind  width  of  the  terrain  is  more  than  about  three 
times  the  length  of  the  barrier  in  the  direction  parallel  to 
the  mean  wind  (y<1/3).  For  y<1/5,  the  relative  difference 
between  the  maximum  surface  pressure  perturbation  in  the 
two-  and  three-dimensional  flows  is  reduced  to  less  than  5%. 
For  an  unrotated  barrier  (^=0),  the  greatest  difference  in 
surface  pressure  between  the  two-  and  three-dimensional 
cases  occurs  on  the  symmetry  axis  parallel  to  the  mean  wind, 
rather  than  off  to  the  sides  where  the  air  is  deflected 
laterally  by  a  three-dimensional  barrier. 

The  variation  of  the  maximum  pressure  with  y  is  quali¬ 
tatively  similar  for  different  values  of  the  terrain  expo¬ 
nent,  v.  However,  as  v  increases,  implying  a  barrier  with  a 
sharper  peak,  the  maximum  pressure  perturbation  increases 
and  shifts  closer  to  the  terrain  top.  Far  from  the  barrier, 
the  asymptotic  decay  of  the  pressure  field  is  found  to  be 
closely  related  to  the  terrain  volume,  which,  in  turn,  is  a 
function  of  u .  For  an  isolated  barrier  with  finite  volume, 
the  pressure  field  falls  off  as  X'2.  However,  for  suffic¬ 
iently  small  ix,  the  volume  is  infinite  and  the  pressure 
field  decays  more  gradually. 

The  final  geometrical  parameter  involved  in  the  solu¬ 
tion  is  the  angle,  \]x ,  defining  the  orientation  of  the  ellip¬ 
tical  barrier  with  respect  to  the  undisturbed  stream.  The 
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pressure  perturbation  is  greatest  when  the  long  axis  of  the 
barrier  is  perpendicular  to  the  mean  flow.  For  a  ridge  with 
v=2  and  y=1/2,  the  maximum  perturbation  is  about  1.5  times 
larger  when  the  long  axis  is  across  the  wind  (i//=0),  than 
when  it  is  along  the  wind  (^=90°).  The  maximum  gradient  of 
pressure  is  a  more  sensitive  function  of  \p ,  with  the  \p=0 
result  being  about  2.8  times  that  for  \p=  90°,  in  the  y=1/2 
case.  On  the  other  hand,  the  maximum  horizontal  divergence 
is  independent  of  the  barrier  orientation. 

In  general,  the  surface  fields  considered  in  this  paper 
have  a  rather  complicated  functional  dependence  on  the  para¬ 
meters  u,  y  and  4/.  However,  the  calculations  in  Appendix  F 
show  that,  at  R=0,  the  pressure  gradient,  horizontal  diver¬ 
gence,  and  other  quantities,  take  a  simpler  form,  in  which 
the  dependence  on  n  factors  out  from  that  on  the  parameters 
y  and  \p  •  As  a  consequence,  for  example,  the  ratio  of  the 
maximum  horizontal  divergence  for  flow  over  a  circular  hill 
to  that  over  an  infinitely-extended  ridge  (both  with  the 
same  horizontal  scale,  a),  has  the  value  m/2,  independent  of 
the  shape  of  the  vertical  cross-sect  ion  of  the  barriers 
( i . e . ,  independent  of  n ) . 

Another  geometrical  feature  of  the  terrain  was  studied 
in  Chapter  6,  where  the  pressure  perturbation  was  calculated 
for  flow  over  infinitely-extended  crosswind  ridges  that  were 
curved  in  a  horizontal  plane.  Parabolic  and  sinusoidal 
types  of  curvature  were  considered.  The  perturbation  was 
found  to  be  enhanced  on  the  convex  side  of  the  ridge  and 
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reduced  in  magnitude  on  the  concave  side,  relative  to  a 
straight  ridge.  The  absolute  change  in  pressure,  due  to  the 
effect  of  curvature,  was  greatest  in  the  concave  regions. 

The  force  exerted  on  a  mountain  by  the  air  streaming 
over  it  was  studied  in  Chapters  8  through  12,  again  using  a 
simple  linear  model.  The  drag  per  unit  length  was  calcu¬ 
lated  for  the  two-dimensional  flow  over  a  variety  of  uniform 
crosswind  ridges.  Symmetrical  single  ridges,  a  super¬ 
position  of  two  separate  ridges  and  sinusoidally  modulated 
barriers  were  all  considered.  The  presence  of  sharp  corners 
or  steep  slopes  tends  to  increase  the  drag  per  unit  length, 
d2 ,  although  discussion  of  such  effects  is  complicated  by 
the  invariance  of  d2  with  respect  to  a  change  of  horizon¬ 
tal  scale  in  the  direction  parallel  to  the  incoming  flow. 

The  discussion  of  the  sinusoidally  modulated  terrain  in 
Section  9.2  emphasized  that  it  is  the  high  spatial  frequency 
components  of  the  terrain  height  spectrum  that  contribute  to 
the  drag  force.  The  drag  per  unit  crosswind  length  for  flow 
over  a  barrier  constructed  from  the  juxtaposition  of  two 
identical  ridges  was  found  to  be  smaller  than  the  value 
expected  from  the  maximum  pressure  perturbation,  for  some 
values  of  the  ridge  separation  distance.  This  result  is 
associated  with  the  cancellation  of  the  lee  low  of  the 
upwind  ridge  with  the  windward  high  of  the  downwind  ridge. 
These  examples  serve  to  illustrate  the  complexity  of  pre¬ 
dicting  wave  drag  from  mountain  shape,  even  in  this  simple 
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The  drag  per  unit  crosswind  length  is  independent  of  y 
for  the  ridge  case  discussed  above.  The  calculations  are 
more  difficult  for  three-dimensional  flow  over  isolated 
hills,  but  some  results  have  been  presented  in  Chapter  9. 

The  drag  values  for  three-dimensional  barriers  differ  from 
the  two-dimensional  flow  results  along  the  Y=0  axis  by  10% 
if  the  crosswind  dimension  of  the  mountain  is  from  about  2 
to  4  times  the  length  scale  parallel  to  the  mean  wind,  de¬ 
pending  on  the  shape  of  the  vertical  profile  of  the  barrier. 

The  total  force  exerted  by  the  air  on  the  terrain 
proved  to  be  relatively  easy  to  calculate  for  barriers  with 
an  elliptical  horizontal  cross-section  of  arbitrary  eccen¬ 
tricity  and  orientation.  For  an  elongated  barrier  the  force 
varies  considerably  as  the  orientation  of  the  mountain  is 
changed  relative  to  the  incident  wind.  For  example,  a  hill 
with  a  major  to  minor  axis  ratio  of  4  experiences  a  force 
which  is  over  8  times  larger  if  the  long  axis  of  the  barrier 
is  across,  compared  to  along,  the  mean  flow.  If  the  up¬ 
stream  flow  is  not  parallel  to  an  axis  of  symmetry  of  the 
barrier,  it  experiences  a  transverse  force  which  can  be  an 
appreciable  fraction  of,  or  even  exceed,  the  drag  force  com¬ 
ponent.  Conditions  are  particularly  favourable  for  a  large 
transverse  force  (relative  to  the  drag  force)  if  the  barrier 
is  highly  eccentric,  with  the  long  axis  inclined  to  the  mean 
flow  by  less  than  45°. 

In  Chapter  11,  the  effect  of  smoothing  a  terrain  shape 
was  determined,  either  by  applying  a  differential  operator 
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or  by  truncating  a  spectral  series.  The  drag  and  drag  per 
unit  crosswind  length  were  found  to  differ  from  values 
determined  from  a  scaling  based  on  the  square  of  the  maximum 
terrain  height.  This  result  is  due  to  the  fact  that  the 
terrain  shape  is  not  preserved  as  the  height  is  reduced 
through  the  smoothing  procedure.  The  extent  of  the  depar¬ 
ture  from  a  quadratic  height  dependence  varies  with  the 
initial  barrier  shape  and  which  smoothing  operation  is  per¬ 
formed  . 

It  should  be  noted  that  the  wave  drag  is  a  function  of 
many  other  factors  of  equal  or  potentially  greater  import¬ 
ance  than  the  geometrical  factors  considered  here.  For 
example,  the  sensitivity  of  the  wave  structure  to  vertical 
shear  in  the  mean  wind  and  stability  has  been  studied  by 
Klemp  and  Lilly  (1975).  Peltier  and  Clark  (1979)  emphasized 
the  importance  of  the  time  evolution  of  the  flow  and  of  non¬ 
linear  processes  (for  sufficiently  steep  barriers).  The 
surface  drag  for  a  nonlinear  flow  exceeds  the  linear  theory 
result  by  a  factor  of  three  or  more  in  some  of  their  calcu¬ 
lations.  As  shown  by  Jusem  and  Barcilon  (1981),  introduc¬ 
tion  of  terrain  asymmetry  also  tends  to  increase  the  drag, 
particularly  in  a  nonlinear  model  (Lilly  and  Klemp,  1979). 

On  the  other  hand,  Barcilon  et  al.  (1979)  find  that  the 
inclusion  of  moisture  reduced  the  drag  by  40%  in  a  typical 
case . 

All  of  the  studies  mentioned  here  refer  to  two- 
dimensional  models.  In  three-dimensional  flows,  the  extra 
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degree  of  freedom  introduces  new  complications  (in  addition 
to  the  role  of  barrier  orientation  and  shape,  discussed  in 
this  paper).  For  barriers  of  slightly  larger  scale  than 
those  to  which  the  present  theory  is  applicable,  Smith 
(1979b)  has  studied  the  reduction  in  drag  that  occurs  if  one 
introduces  a  Coriolis  force.  As  another  example,  Blumen  and 
McGregor  (1976)  find  a  30%  increase  in  drag  is  possible  when 
lateral  shear  of  the  horizontal  wind  is  included  in  the 
upstream  flow.  Further  work  is  required  to  uncover  how 
these  varied  factors  interact  when  several  of  them  are 
allowed  to  act  simultaneously,  especially  in  three- 
dimensional  models. 

Finally,  in  Chapter  12,  some  consideration  was  given  to 
the  application  of  a  linear  model  to  air  flow  over  a  real¬ 
istic  representation  of  the  Rocky  Mountains.  In  the  model, 
the  minimum  pressure  in  the  lee  trough  occurs  50-100  km 
downstream  of  the  major  topographic  ridge.  A  typical 
surface-pressure  analysis  based  on  synoptic  data,  however, 
placed  the  lee  trough  significantly  further  downwind, 
perhaps  200-300  km  from  the  mountain  peaks. 


13.2  Possibilities  for  future  study 

In  this  section,  some  possible  directions  for  future 
research  on  lee  cyclogenesis  and  related  aspects  of  mountain 
airflow  will  be  outlined. 
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In  the  course  of  the  discussion  of  lee  cyclogenesis  in 
Chapter  1,  it  was  noted  that  Speranza  (1975)  made  a  distinc¬ 
tion  between  lee-side  low-pressure  areas  in  general  and 
those  low-pressure  regions  with  cyclonic  vorticity.  Clar¬ 
ification  of  these  differences  might  lead  to  insight  into 
the  initial  stages  of  lee  cyclone  development.  As  previous¬ 
ly  noted  in  Chapter  3,  the  simple  model  used  in  the  current 
work  cannot  describe  the  formation  of  regions  of  enhanced 
vorticity.  Therefore,  further  exploration  is  needed  of  the 
ways  in  which  vorticity  can  be  generated  by  mountain  induced 
circulations.  This  requirement  was  also  seen  in  the  dis¬ 
cussion  of  potential  vorticity  conservation  in  Chapter  1. 

To  what  extent  is  a  lee  cyclogenesis  event  the  formation  of 
a  new  weather  system?  Is  it  simply  the  regeneration  of  cy¬ 
clonic  vorticity  that  was  present  on  the  windward  side  of 
the  barrier?  Smith  (1979a,  p.  165)  suggested  that  trajec¬ 
tory  analysis  could  be  used  to  determine  whether  ’the  lee 
cyclone  is  composed  of  the  same  fluid  particles  as  the 
parent  cyclone’.  Cyclolysis  on  the  windward  side  of  a  bar¬ 
rier  is  an  inadequately  documented  process,  but  is  a  part  of 
the  overall  interaction  of  a  low-pressure  center  with  a 
mountain  range. 

It  is  suggested  that  in  future  studies  of  the  formation 
of  lee  cyclones  that  the  surface  pressure  field  be  analyzed 
at  contour  intervals  of  no  greater  than  2  mb,  and  at  as  fine 
a  temporal  resolution  as  possible.  This  would  allow  one  to 
investigate  the  possible  interaction  of  diurnal  mountain 
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circulations  or  tides  (Longley,  1968,  1969;  Hamilton,  1980) 
with  other  processes  affecting  the  pressure  distribution  in 
the  lee.  Hourly  surface  pressure  data  are  available,  but, 
to  restrict  the  amount  of  data  to  be  handled  to  manageable 
proportions,  it  might  be  necessary  to  limit  study  to  a  small 
region,  such  as  the  southern  half  of  Alberta.  By  collecting 
additional  data  on  cyclogenesis  in  this  area,  with  partic¬ 
ular  attention  to  classifying  the  lows  according  to  the  cri¬ 
teria  used  by  Schallert  (1962)  and  Chung  (1972),  it  might  be 
possible  to  clarify  whether  or  not  the  double  maximum  in 
cyclogenesis  frequency  seen  in  Chung’s  data  is  due  to  his 
limited  sample  size.  It  could  also  be  useful  to  note  the 
degree  of  association  between  a  lee  cyclone  and  features  in 
the  upstream  flow,  such  as  the  presence  or  absence  of  an 
advancing  trough,  or  a  parent  surface  low.  Numerical 
modelling  could  also  be  used  to  test  for  the  existence  of 
preferred  regions  of  cyclone  formation.  If  the  model  were 
sufficiently  simple  to  allow  it,  one  could  execute  many 
integrations  under  slightly  different  initial  conditions  to 
compile  statistics  on  regions  of  cyclogenesis. 

One  of  the  major  limitations  of  the  model  used  in  the 
present  work,  is  its  steady-state  nature.  Time-dependent 
models  of  mountain  waves  have  been  used  in  past  research, 
but,  often  not  for  the  study  of  time-dependent  phenomena. 

For  example,  Durran  and  Klemp  (1983)  initialize  their  model 
by  gradually  increasing  the  mean  wind  speed,  up  to  some  con¬ 
stant  value,  and  then  continue  the  integration  with  this 
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constant  upstream  forcing.  No  attempt  is  made  to  study  the 
wave  response  under  conditions  of  variable  upstream  flow. 
Other  recent  papers,  which  deal  explicitly  with  time- 
dependent  phenomena  that  may  be  of  relevance  to  lee  cyclo¬ 
genesis,  include  the  work  of  Bannon  (1983)  on  the  inter¬ 
action  of  a  front  with  a  topographic  barrier,  and  the  baro- 
clinic  instability  studies  of  Farrell  (1982)  and  Grotjahn 
(1980).  Although  the  introduction  of  the  time  variable 
increases  the  complexity  of  the  mathematical  development 
considerably,  it  opens  interesting  possibilities  for  future 
research . 

Although  the  many  limitations  of  the  model  used  in  this 
thesis  preclude  detailed  comparison  with  real  atmospheric 
flows,  it  is  hoped  that  the  analytical  results  that  have 
been  presented  will  serve  to  provide  useful  checks  on  more 
realistic  models.  The  main  emphasis  has  been  on  the  diff¬ 
erences  between  flow  over  infinitely-extended  ridges  and 
that  over  isolated  hills.  As  technological  developments 
allow  more  extensive  calculations  to  be  performed,  increased 
understanding  of  the  three-dimensional  aspects  of  mountain 
airflow  will  surely  result. 


' 
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APPENDIX  A 


JUSTIFICATION  OF  THE  NEGLECT  OF  CERTAIN  EFFECTS  OF  THE 

VERTICAL  VARIATION  OF  DENSITY 


In  this  appendix  an  analytical  solution  is  found  for 
the  pressure  perturbation  due  to  an  infinitely-extended 
ridge,  retaining  all  the  terms  in  the  governing  equations 
(3. 1-3.5).  This  exact  solution  is  then  used  to  determine 
whether  certain  terms,  involving  compressibility  and  the 
vertical  variation  of  density,  can  be  neglected,  in  a  type 
of  Boussinesq  approximation. 

First,  express  the  pressure  perturbation,  p' ,  in  terms 
of  the  vertical  displacement,  17 ,  by  multiplying  (3.12)  by 
exp( -6 3gz/c 2 )  and  integrate  with  respect  to  z  to  give 


p'(x,y,z)  =  e 


'~2 


-6„gz/c2  <5~gz/cz  _ 

3  N  2  -  3 


p(z')  n(x,y,z')  dz'  ,  (A.1) 


assuming 


lim 

Z-KD 


<S3gz/c2 
e  P 


0  . 


Substituting  for  the  density,  p,  from  (3.14),  one  can  then 
do  the  integration  over  z'  to  give 


ao  cd 


p' (x,y ,z) 


h  (k.  &)  ^0^-^ 

>  6,  ^  dk  d£ 

i  mCk.l)  +!-«3  -f 


(A. 2) 


where  the  Brunt-Va i sala  frequency,  N,  is  given  by  (3.13), 
and  the  height-field  Fourier  transform,  h(k,>0,  is  defined 
by  (3.17).  The  vertical  wave  number,  m(k,/),  determined  by 
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substituting  (3.18)  into  (3.16),  is  the  root,  with  real  part 
having  the  same  sign  as  k,  of  the  equation 


m2  +  i 


64(1+62)-6i 
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+  (63-63) 
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64  (6r6264^ 
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H 
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=  m 2 


l2 


(A. 3) 


where 


N 

m  =  m  (k)  =  —  sign(k) 
00  U 


(A. 4) 


If  the  terrain  is  a  ridge  of  uniform  cross-section, 

A 

infinitely-extended  in  the  crosswind  direction,  then  h(k,-0 
simplifies  to  (3.22).  As  a  consequence,  the  integration 
over  A  in  (A. 2)  can  be  done  immediately.  Setting  z=0  then 
gives  the  surface  pressure  perturbation: 


00 


p'(x)  =  -  PqN2 


Zn  \  ilcx 
h.(k)  ..e  _ 


To  simplify  this  result,  introduce  the  pressure  perturba¬ 
tion,  po(x),  that  would  be  obtained  with  the  approximation 

6  t  =  6  2  =  6  3  =  6  4  =  0 : 

00 

Po(x)  ■  -  PoN  f  elkx  dk  .  (a.  6) 

Jim  (k) 


Defining  a  Froude  number, 


F 
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U 

H  N 


(A. 7) 


o 

writing  g/c2=1/y0H0,  and  using  the  fact  that  m£  is  indepen¬ 
dent  of  k,  one  finds  that  the  pressure  perturbation  (A. 3) 
can  be  expressed  as 
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where 
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The  exact  pressure  perturbation,  p' ,  is  seen  to  be 
obtained  from  the  simplified  version,  po ,  by  an  amplitude 
correction  involving  the  Froude  number  and  by  a  dynamic 
pressure  correction  involving  the  barrier  height.  The 
compressibility  and  stratification  effects  are  seen  to  enter 
the  dimensionless  coefficients,  a  and  p,  in  a  complicated 
way.  Retaining  all  the  terms  in  the  original  equations,  so 
that  6 ! =6 2  =  6 3  =  5  *  =  1 ,  gives  a^/^0.2.  For  typical  atmospheric 
values  of  U=10  m  s' 1 ,  H0  =  8  km,  g  =  9.8  m  s'2,  and  y0=1.4, 
giving  N=0.02  s' 1  (from  (3.13)),  one  finds  Fo  =  0.06  so  that 
the  quadratic  terms  in  F0  can  be  neglected,  introducing  a 
relative  error  of  much  less  than  1%.  Dropping  these  terms, 
and  normalizing  by  the  factor  p0  UN  h0 ,  where  h0  is  the 
maximum  mountain  height,  gives 


p'(x) 

pTUNh  p"UNh 
o  o  o  o 


h(x) 


(A.  10) 


Analytical  results  show  that  the  maximum  value  of  the  first 
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term  on  the  right  is  typically  about  1/2  and  occurs  on  the 
slope  of  the  barrier  where  h/h0  -  1/2.  With  F0  -  0.06,  as 
above,  the  dynamic  pressure  correction  to  the  maximum  value 
of  p0  amounts  to  only  1-2%.  However,  directly  over  the  bar¬ 
rier  peak,  where  h/h0=1,  with  a  stronger  wind  speed,  and 
weaker  stability,  the  correction  term  could  be  as  large  as 
5-10%  of  the  maximum  pressure  perturbation.  It  is  interest¬ 
ing  to  note  that  the  height-dependent  correction  to  the 
pressure  does  not  affect  the  wave  drag  for  two-dimensional 
flow  over  any  barrier  having  the  same  height  at  x=®  and  x=-® 
(see  Eq.  8.1).  The  drag  is  changed  only  by  the  weak 
amplitude  correction  to  po  ,  involving  Fo. 

As  a  result  of  this  analysis  it  is  seen  that  the 
approximation,  po(x),  given  by  (A. 6),  for  the  pressure  per¬ 
turbation  due  to  an  infinitely-extended  ridge,  is  accurate 
to  within  a  few  percent  for  typical  flow  conditions.  This 
form  for  the  pressure  field  arises  directly  from  the  govern¬ 
ing  equations  of  the  model  if  one  neglects  the  compressibil¬ 
ity  terms  in  the  continuity  equation  (6 1  =  62  =  0) ,  the  acoustic 
pressure  term  in  the  adiabatic  equation  ( 6  3  =  0 ) ,  and  the  ver¬ 
tical  variation  of  density  (64=0),  except  in  the  buoyancy 
frequency,  N. 

A  similar  analysis  is  possible  for  flow  over  isolated 
three-dimensional  barriers,  but  the  corrections  to  the  pres¬ 
sure  field  involving  the  vertical  variation  of  density  do 
not  take  the  simple  form  given  by  (A. 8).  It  will  be  assumed 
without  further  justification  that  the  pressure  perturbation 


' 


21  1 


determined  from  (3.20)  and  (3.19)  provides  an 
description  if  the  Froude  number  (A. 7)  is  not 


adequate 
too  large. 


APPENDIX  B 


DIMENSIONLESS  VARIABLES  AND  INTEGRAL  FORMULAE 

In  this  appendix,  definitions  of  dimensionless 
variables  are  summarized  for  the  coordinates  in  the  space 
and  wave  number  domains,  the  height  field  and  its  Fourier 
transforms,  the  pressure  field  and  the  wave  drag  per  unit 
crosswind  length  of  barrier.  Expressions  for  some  of  these 
variables  are  given  for  the  special  cases  of  flow  over 
infinitely-extended  crosswind  ridges  and  for  flow  over  bar¬ 
riers  with  elliptical  horizontal  cross-sections.  If  (x,y) 
are  Cartesian  coordinates  in  the  physical  domain,  dimension¬ 
less  Cartesian  coordinates,  (X,Y),  and  elliptical  polar  co¬ 
ordinates,  (R,6>),  are  defined  in  (4.3)  as 


R  =  (x2+y2)^ 


X  =  —  =  R  cos0  ,  Y  =  =  R  sin0 

a  b 


(B.  1  ) 


If  the  corresponding  wave  number  coordinates  are  ( k , -O  ,  the 
dimensionless  variables  are  (k,X)  and  (p,<p),  and  are  defined 
in  (4.9)  as 


p  =  (k^+A2)*2  , 

K  =  ka  =  p  cost})  ,  A  =  £b  =  p  sin<}> 


(  B  .  2  ) 


If  h ( x , y )  is  the  terrain  height  field,  having  Fourier 

^  A 

transform  h  with  respect  to  x,  as  in  (3.26),  and  h  with 
respect  to  x  and  y,  as  in  (3.17),  then  the  non-dimensional 
forms  are  defined  by 
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H(X,Y)  =  h(x,y)/h 
H(k;Y) 

H(k, A) 


ITT  =  2?  J  H<X>Y)  e“"X  "  , 

O  ; 


fCO  rco 


h  ab  4ttz 
o 


H  (X ,  Y )  e-:L  (<X+XY)  dx  dY 


(  B  .  3  ) 


—00  —CO 


For  convenience,  denote  H(/c;Y=0)  by  H(k),  a  normalized  form 
of  (3.22).  In  the  special  case  of  flow  over  elliptical  ter¬ 
rain,  H=H ( R ) ,  from  ( 4 . 1 0  )  ,  one  has 


H(k,A)  =  H(p )  =  ~  I  R  H(R)  Jo(pR)  dR  .  (B.4) 

0 

For  the  remaining  quantities  to  be  discussed,  a  prime 
denotes  the  physical  variable  and  particular  cases  of  dimen¬ 
sionless  variables  are  indicated  by  appropriate  subscripts. 
If  V  is  an  arbitrary  variable,  then  V3  denotes  the  special 
case  of  three-dimensional  flow  over  an  elliptical  barrier, 

V  is  used  for  circular  barriers,  Voc,(Y)  for  two- 
dimensional  slice  flow  (see  Chapter  3)  over  an  isolated 

three-dimensional  barrier,  and  V  =V  (Y=0)  for  two- 

2  2S 

dimensional  flow  over  an  infinite  ridge. 

From  (5.1)  and  (3.25),  the  normalized  pressure  field, 

P,  and  particular  cases  are 


P  =  p'/(p  U  N  h  )  =  i 
o  o 


<  e 


KkX+AY) 


2tt  “> 


P3(X,Y)  =  i 


cos <p  e 


ipRcos  (<f>— 0 ) 


H(tc,  A)  d k  dA  , 


0  0 


p2s(x,y)  =  i 


(cos2<H-y2sin24>)^ 


~  -i 

sign(<)  H(tc;Y)  e  dK 


y—  p  H(p )  dp  d<J>  ;  y=a/b  , 


(  B  .  5  ) 
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As  shown  in  Chapter  5,  (B.5)  simplifies  in  the  circular  case 
to  give 


3C 


Also,  from  (5.4) 


P~(X,Y)  =  —  2u  -  p  J  (pR)  H(p)  dp  . 


(  B  .  6  ) 


0 


P 2  (X)  =  -2tt 


p  HQ(pX)  H (p  )  dp  . 


( B  .  7  ) 


0 


where  H0  is  a  Struve  function. 

The  drag  per  unit  crosswind  length  of  the  barrier  is 
denoted  by  d.  From  Chapter  8  (Eqs.  8.4  and  8.6),  the  dimen¬ 
sionless  variables  are  : 


d  =  d "/  (p  U  N  h2)  =  2tt 
o  o 


oo  oo 


2  iXY  .  * 

-  H(k,X)  H(k; Y)  d«  dX 


(k2+Y2X2)^ 


oo 

r 


d2sOr)  -  2*  j 

— oo 


K 


2 

|h(k;Y) |  dK 


’  (  B .  8  ) 


To  obtain  the  form,  d^,  for  elliptical  terrain,  substitute 

/V  A 

H ( k , X ) =H ( p )  in  the  expression  for  d  and  use  elliptical  polar 
coordinates  ( B . 2 ) . 

For  the  normalized  total  force,  ?3=(D3,T3),  in  the 
elliptical  barrier  case,  the  reader  is  referred  to  (10.3) 
and  (10.4).  The  two-dimensional  slice  flow  solution,  being 
less  straightforward  to  derive,  is  considered  in  Appendix  0. 


APPENDIX  C 


HORIZONTAL  SCALE  TRANSFORMATION 

Given  a  barrier,  H=H(X,Y),  one  can  increase  the  hori¬ 
zontal  scale  to  form  a  new  barrier,  Ha,  which  has  the  same 
shape.  Although  the  effects  of  such  a  transformation  are 


implicit  in  the  expressions  Appendix  B,  they  are 

summarized 

here  : 


h(x,y)  ■=  h(£, h  , 

a  a  a 

(C.  1  ) 

H(k;Y)o  -  o  H(kcx;£)  , 

( C  .  2  ) 

H(k , X)  =  a2  H(ica, Xa)  ;  H(p)  =  a2  H(pa)  , 
a  a 

( C  .  3  ) 

P(X’Y)a  ■  P(W>  • 

( C .  4  ) 

d(Y)a=d(^)  ;  d2o=d2  . 

( C .  5  ) 

D  «  a  D 
a 

(C .  6 ) 

Quantities  such  as  the  drag  per  unit  length  at  Y=0  and  the 
maximum  pressure  perturbation  are  unchanged  by  the  scale 
transformation . 
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APPENDIX  D 


ANALYTICAL  RESULTS  FOR  SINGLE  RIDGES  AND  ELLIPTICAL  HILLS 

D . 1  Terrain-height  Fourier  transforms 

Analytical  results  are  presented  in  this  section  for 
the  terrain-height  Fourier  transform  and  pressure  perturba¬ 
tion  for  single  ridges  and  elliptical  hills. 

In  Table  2,  the  normalized  terrain-height  Fourier 
transform  for  two-dimensional  slice  flow,  H(k;Y),  defined  in 
Appendix  B,  is  given  for  a  variety  of  terrain  forms.  In 
each  case,  a  reference  is  made  to  the  page  in  GR  where  the  H 
integral,  or  a  closely  related  form,  can  be  found.  An 
exception  is  the  barrier  with  a  triangular  profile,  for 
which  case  integration  by  parts  gives  the  result  without 
resorting  to  tables.  For  the  last  two  entries  in  the  table, 

A 

only  the  Y=0  solution  was  found.  In  Table  3,  H(p),  the  Fou¬ 
rier  transform  appearing  in  the  three-dimensional  flow 
problem,  is  given.  Special  functions  appearing  in  the 

results  are  Bessel  functions,  J  ,  Bessel  functions  of 

y 

imaginary  argument,  K  ,  Struve  functions,  Hn,  and  the 
complete  elliptic  integrals,  K  and  E.  Properties  of  these 
functions  are  summarized  in  GR. 
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2  17 


Table  2.  Normalized  terrain-height  Fourier  transform, 
H(k;Y),  for  elliptical  terrain,  H ( R ) .  See  Appendix  B  for 
definitions. 


H(R) 

H(k;Y) 

Reference 

(1+R2)"P 

1 

|k| 

'I  V-%  f  !  > 

K  !  Iicld+Y2)'5 

j  h-M1  1  J 

GR,  p.  959 

v(h)  r(y) 

■2  (1+Y2)^ 

i 

N> 

1  -Y2  -k2/4 

2  rft)  e  e 

GR,  p.  480 

(1-R2)v  0 (1-R2) 

r(v+i) 

'2(l-Y2)^ 

IkIU-y2)^  0(i-y2) 

w  J 

GR,  p.  953 

2  rft) 

1  K 

, 

/• 

In 

62+R2] 

1+RZ| 

e  ^ 

k| (i+y2)^  e- 

| k I (52+Y2)^ 

GR,  p.  583 

n(8z) 

ln(62) 

arccot 

R2+cos2(jo1 

sin2aj  | 

2oj 

- 1 
e  1 

where  n2co 

j  RC03^s-^n((CriS£naj)  /  (2wk) 
s2£=Y2+cos2w  and  n2sin2£=sin2u) 

GR,  p.  411 

-R 

e 

Y 

XT’ 

1  | Y | (1+k2)^ 

> 

.  _ i _ __  at-  Y-n 

GR,  p.  482, 
p.  477 

IT  (1+K2)^ 

*  7r(l+Kz) 

K  (R) 
o 

e-|Y|(l+K2)!5 

2  (1+K2)1* 

GR,  p.  736 

(1-R)  0 (1-R) 

2  sin2 
- 

K 

2 

at  Y=0 

integrate 
by  parts 

sech(R) 

y  sech 

TTK 

2 

\ 

at  Y=0 

j 

GR,  p.  503 

' 
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Table  3.  Normalized  terrain-height  Fourier  transform, 

a 

H(p),  for  elliptical  terrain,  H(R).  See  Appendix  B  for 
def init ions . 


H(R) 

H(p) 

Reference 

(1+R2)“y 

ny_1 

- 2 -  K  _(p) 

7T  2y  r  (y )  y  1 

GR,  p.  686 

-R2 

e 

—  e"p2/4 

4tt 

GR,  p.  480 

(1-R2)V  0 (1-R2) 

r(v+i)  f2lv+1  ,  . 

47T  [pj  JV+1(P) 

Put  R=sin0 

in  GR,  p.  740 

In 

62+R2] 

l+R^j 

Kx(p)  -  61^  (6p) 

GR,  p.  768 

•- 

n(6z) 

tt  p  ln(<5z) 

arccot 

R2+cos2o3 

sin2co  ; 

2oj 

f  \ 

i  io)T_  f  iuK  -ia)„  /  -icoN 

4™p  Kl(pe  >  '  e  Kl(pe  >J 

Use  (9.3) 

GR,  p.  768 

-R 

e 

2tt  (l+p2)3/2 

GR,  p.  712 

K  (R) 
o 

1 

2  t r  (l+pz) 

GR,  p.  672 

(1-R)  0 (1-R) 

J1(p)HQ(p)  -  Jq(p)H;l(p) 

2p 

GR,  p.  666 
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D . 2  Pressure  fields 

Results  are  now  presented  for  the  normalized  surface 

pressure  perturbation  for  flow  over  various  barriers,  based 

on  the  integrals  in  Appendix  B  and  the  Fourier  transforms  in 

Tables  2  and  3.  For  some  of  the  terrain  forms,  the  absolute 

value  of  the  extreme  perturbation,  P  or  P  ,  is  given  for 

2m  3  Cm 

the  flow  over  an  infinitely-extended  ridge  or  a  circular 
barrier,  respectively.  The  distance  from  the  terrain  peak 
to  the  position  of  the  extreme  pressure  is  denoted  by  Xm. 

D.2.1  Pressure  for  a  /j-type  barrier:  H  =  (1+R2)  y 

The  pressure  field,  P  ,  for  flow  over  an  infinitely- 
extended  ridge  has  been  derived  in  Chapter  5,  with  the 
result  given  in  (5.8).  Special  cases  are  shown  in  Table  4. 
The  corresponding  two-dimensional  slice  flow  solution,  P2S 
can  be  obtained  from  P2  using  (5.10). 

The  circular  hill  case,  P3C  has  also  been  treated  in 
Chapter  5,  with  the  result  (5.12).  Simplified  expressions 
for  specific  values  of  ^  are  given  in  Table  5. 

Now  consider  the  evaluation  of  the  integral  (5.14)  for 
the  normalized  surface  pressure,  P^,  for  the  terrain  expo¬ 
nent  u='\/2,  1,  3/2,  and  2.  Making  the  change  of  variable 

t=-ctntf>,  and  introducing  the  notation 

XY 

1+X2  ’ 


a 


(D.  1  ) 
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Table  4.  Normalized  surface  pressure  perturbation, 

P2(X),  and  the  absolute  values  of  the  extreme  perturbation, 

P0  =|P_(X  )|,  and  its  position,  X  ,  for  flow  over  an  infin- 
2m  1  2  m  1  m 

ite  ridge  with  height  H(X)  =  (1+X2)_y  as  a  function  of  the 
exponent,  u . 


y 

P  (X) 

2 

X 

m 

P 

2m 

1/2 

2  ln(x+(l+X2)1/2} 

71  (i+x2)1/2 

1.509 

0.422 

l 

X 

1+XZ 

1.000 

0.500 

3/2 

2  j'  x  In  [x+(l+X2)1/2] 

7T  [  1+XZ  (1+X2)3^2  J 

0.797 

0.533 

2 

X(3+X2) 

2(1+XZ)Z 

0.681 

0.550 

y 

r(u+l/2)  X  ,  3  .  X2 

r(3/2)  T(y)  1+XZ  2  ’1+XZ' 

Table  5.  Normalized  surface  pressure  perturbation, 
P3C(X,Y),  and  the  absolute  values  of  the  extreme  perturba¬ 
tion,  P  =  |P  (X  ,0)|,  and  its  position,  X_,  for  three- 
JLm  jo  in  m 

dimensional  flow  over  a  circular  hill  with  height 
H(R)  =  ( 1 +R 2 )  ~  as  a  function  of  the  exponent,  y,  where 
R2  =X  2  +Y  2 . 


y 

P3C(X’Y) 

X 

m 

P3Cm 

1/2 

X  1 

(1+R2)1/2  1+(1+R2)1/2 

1.272 

0.300 

l 

X(K-E)  * 

r2(i+r2)1/2 

0.875 

0.360 

3/2 

U+r2)3//2 

0.707 

0.385 

2 

X(K+(R2-1)E)  * 

2R2(1+R2)3/2 

0.609 

0.399 

y 

r(u+l/2)  r(3/2)  X  r,3  3  R?  , 

Up)  (1+r2)3/2  2  ’  2  W 

K  =  K(k)  and  E  =  E(k)  are  complete  elliptic  integrals  of  the 

first  and  second  kinds,  respectively,  where  the  modulus,  k  =  R/(l+R2) 


. 
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(1+X2+Y2)**  (1+R2)** 

1+X2  "  1+XZ 

A  -  (t2+T2)i$(t2+l)15  , 


(D .  2  ) 


( D .  3  ) 


( 5 . 14)  becomes 


P  (x  Y)  =  .  r (p+1/ ,2.) _ 

3C  ’  ;  r (1/2)  r(y) 


(l+x2) 


y+*5 


j 

t  (Xt-Y)  (1+tV^ 

y+^ 


A  ((t-a)2+32) 


dt 


( D  .  4  ) 


For  y>1/2  this  can  be  written  as 


f  r (y-1/2)  3 

r3  A>1  4  r  (3/2)  T(y)  3X 


(1+x2) 


a+t*)*-* 


A  ((t-c)2+B2)P^ 


u  dt 


( D  .  5  ) 


For  m>1/2  the  form  (D.5)  is  somewhat  simpler  to  integrate, 
but  for  m= 1/2,  (D.4)  must  be  used. 

First  consider  the  evaluation  of  (D.4)  for  the  m=1/2 
case.  Introducing 


q+  =  a  ±  iB 


( D .  6  ) 


so  that 


(t-a) 2+B2  ■  (t-q  )  (t-q  )  , 


( D .  7  ) 


and  using  r(1/2)=7r1/2  in  (D.4)  gives 


P3(X,Y) 


v=h 


TT  (1+X^) 


t  (Xt-Y) 


A  (t-q+)(t-q_) 


dt 


(D .  8  ) 


To  put  the  integral  into  a  form  found  in  standard  tables, 
eliminate  the  odd  powers  of  t  by  separating  into  partial 
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fractions  and  multiplying  top  and  bottom  by  t+q„  or  t+q.  as 
is  appropriate.  The  result  is 


p3(X,Y) 


TT  ( 1+X  Z  ) 


dt  x  1T 


q2(Xq+-Y) 


dt 


> 


(D .  9 ) 


where  Im  denotes  'the  imaginary  part  of'.  From  Byrd  and 
Friedman  (1571,  61-64,  denoted  as  BF  in  the  following)  one 
f  inds 


;  y<i 

;  y=i 

;  y>i 


(D. 10) 


where  K(k)  is  a  complete  elliptic  integral  of  the  first  kind 
with  modulus  k=e(y),  being  equal  to  the  eccentricity  of  the 
elliptical  barrier  as  defined  by  (4.5).  Also, 


dt 


A  (t*-q*0 


0 


(n (q2+l,k)  -  K(k)) 


;  y<i 


TT  1 


(  Im ( q ) > 0  )  ;  y=l  , 


2  q(q+i) 

-  +  l,k)  +  K(k)  j  ;  Y>1  , 


(D. 1 1 ) 


where  n(£2,k)  is  the  complete  elliptic  integral  of  the  third 
kind,  with  parameter  l2  ,  and  modulus  k,  in  the  standard 
terminology  (see  BF ) . 

The  literature  on  the  elliptic  integral  of  the  third 
kind  is  much  less  extensive  than  that  on  the  first  and 
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second  kinds.  Unfortunately,  some  reference  materials, 
including  BF ,  contain  omissions  and  typographical  errors  in 
the  case  where  £ 2  is  a  complex  number,  as  it  is  for  the 
integrals  encountered  above.  See  Lang  and  Stevens  (1960) 
and  Sutherland  (1965)  for  clarification  of  the  major  prob¬ 
lems  in  previous  literature.  For  the  purpose  of  numerical 
evaluation,  n(£2,k),  with  complex  £2,  can  be  expressed  as  a 
linear  combination  of  two  real  complete  elliptic  integrals 
of  the  third  kind,  each  of  which  can  be  evaluated  in  terms 
of  incomplete  elliptic  integrals  of  the  first  and  second 
k i nds . 

Substituting  (D.10)  and  (D. 1 1 )  into  (D.9)  gives  the 
pressure  field  for  the  y<1  case  as 


P3(X,Y) 


2 

IT 


(1+R2)' 


Im 


X(q2n+K)  -  Yq.(n-K) 


(D. 12) 


where  n  =n(q++1,k)  and  K  =  K(k).  The  expression  for  when 
Y=1  has  already  been  given  in  Table  5,  and  that  for  y>1  is 
found  from  (D.10)  and  (D.11),  as  in  the  y<^\  case. 

Note  that  when  a=0,  which  occurs  along  the  X  and  Y  axes 
(see  Eq.  D.1),  the  parameter,  £2,  becomes  real  and  the  cal¬ 
culation  of  the  pressure  field  becomes  considerably  simpler. 
Thus,  quantities  such  as  the  maximum  pressure  perturbation, 
which  occur  along  the  Y=0  axis,  can  be  calculated  without 
evaluating  elliptic  integrals  with  complex  parameters. 

Since  the  integrals  arising  for  the  u=3/2  case  are 
similar  to  those  just  considered  for  m=1/2,  these  will  be 
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treated  next.  From  (D.5)  and  (D.7),  one  has 


P3(X,Y) 


i  3_ 

TT  3X 


_L 

1+X7 


00 

'  t2+l 

.  A  (t-q+) (t-q_) 

— <30 


(D. 13) 


Separating  into  partial  fractions  and  using  (D.10)  and 
(D. 1 1 )  as  before,  gives 


P3(X,Y) 


2  3 

* 

1 

7T  3X 

(l+R2)^ 

3 

f 

1 

3  ^ 

y~2 

3X 

.  (l+R2)^  , 

;  y<i 


;  y-i 


(D. 14) 


2_  a_ 

iry  3X 


(1+R2)^ 


Im 


;  y>i 


The  process  of  taking  the  imaginary  part  and  differentiating 
in  (D.14)  is  rather  lengthy  so  will  not  be  presented  here. 
Next  consider  the  ju=1  case,  for  which  (D.5)  becomes 


P3(X,Y) 


y~l 


13_ 
2  3X 


(t  z+D' 


(l+X2)'*  ±  A  ((t-a) 2+82) 


dt 


(D. 15) 


An  integral  of  this  form  is  tabulated  by  BF  (p.  146),  giving 

the  result 


P3(X,Y) 


3 

*  y 

v-K(k) 

.  3X 

V  1 

(l+X2)^  _ 

(D. 16) 


where 
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k " v  u+o*5  > 

C+  -  (a2+(B±Y)2}^  . 


(D. 17) 


Carrying  out  the  differentiation  in  (D.16)  or  integrating 
(D.4)  directly  gives 


P3(X,Y) 


v  (1+X2)^ 

k2  (1+RZ) 


(  SB-TC  ) 


(D. 18) 


where 


E-k'2K  „  k'2(K-E) 

k2  ’  L  =  k2 


k"2  =  1  -  k2  , 


S  =  Xa-Ya  ,  T  =  Xi-Ya  , 


’  (D. 19) 


Here  K=K(k)  and  E=E(k)  are  complete  elliptic  integrals  of 
the  first  and  second  kinds,  respectively,  with  k  as  in 
(D. 17) . 

The  final  case  to  be  considered  in  this  section  is  u=2. 
By  means  of  the  change  of  variable  cj= {at-o )/( r-at ) ,  where  o 
and  r  are  given  in  (D.19)  and  a  in  (D.1),  the  integrands  of 
(D.4)  and  (D.5)  become  even  functions  of  the  integration 
variable,  co.  Then,  after  separation  into  partial  fractions, 
one  can  use  integrals  tabulated  in  BF  (pp.  61-64),  as  in  the 
M= 1/2  and  1  cases.  The  result  obtained  is 


227 


P3(X,Y) 


1  -  3 

,  -v 

v  (l+x’T 

0  3X 

'V=2 

2  kz  (1+R^)  l  sC_k  tB  1 

4 

(D . 20 ) 


2k4(l+R2)(l+X2)^ 


3sTC+3tSB 

l  (C~B) 

+ 


where 


(s+t) (k"2T+S)+2 (1-y2) (cT+xS) j 


s  -  a-y2T 


T-y2a 

m  —  i  »i 

kz 


( D  .  2  1  ) 


and  the  other  symbols  are  defined  in  (D.17)  and  (D.19). 

Regarding  numerical  evaluation  using  the  preceding 
formulae,  the  1/2  and  3/2  cases  required  about  40%  more 
computer  time  than  for  n~ 1  and  2  because  complex  elliptic 
integrals  of  the  third  kind,  appearing  in  the  former  cases, 
are  less  straightforward  to  calculate  than  the  integrals  of 
the  first  and  second  kinds. 


D.2.2  Pressure  for  a  Gaussian  barrier:  H  =  e 


— r2 


The  two-dimensional  slice  flow  solution  is 


P2S(X-Y)  " 


X  e 


-R" 


r (3/2)  i  i 

fwi)  F(X) 


F  (1/2; 3/2; X2 ) 


( D . 22 ) 


where  the  first  form  involves  a  degenerate  hypergeometric 
function  (GR,  pp.  480,  1063).  The  second  form  expresses  the 
result  in  terms  of  Dawson's  integral,  F,  which  allows  one  to 
use  tabulated  results  to  obtain  the  extreme  values  of 
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(Abramowitz  and  Stegun,  1965,  p.  298):  =.6105  at  X  =.924. 

2m  m 

The  result  for  the  circular  case,  in  terms  of  modified 
Bessel  functions,  follows  directly  from  (B.6)  using  GR 


(p.  717)  : 


2. 


P3C(X,Y)  =  -  r(f)  X  ijy-l-ij-} 


-R2/2 


(D . 23 ) 


D.2.3  Pressure  for  a  v-type  barrier:  H  =  (1-R2)V  e(l-R2) 


P2S  and  P3C  can  be  expressed  in  terms  of  hypergeometric 
functions  using  GR  p.  747  and  p.  692,  respectively.  The 
expressions  for  general  v  and  simplified  results  for  r=0, 
1/2,  1  and  3/2  are  given  in  Tables  6  and  7.  One  can  solve 

for  pressure  in  the  elliptical  terrain  case  in  terms  of 
elliptic  integrals  if  v  is  half  an  odd  integer.  Performing 
the  p  integration  in  (B.5)  using  GR  (p.  747),  gives 


2tt 


P  (X  Y)  =  -  - —  - - - 

3^  ’  ;  2  v(h)  r (v+k) 


0 


'  c  (i-g2)v  ^e(i-g2)  cos 4> 

(cos  2  <p+y  2  s  in2  <J>)  ^ 


d  4> 


(D . 24 ) 


where 


£  =  Xcos<$  +  Ysinif> 


(D . 25 ) 


If  R< 1  then  8(1-^2)=1  and  the  integral  (D.24)  can  be 
expressed  in  terms  of  complete  elliptic  integrals.  For 
example,  in  the  ^=1/2  case  : 

P  (X,Y)  =  -  X  B  (Y)  ;  R<1  ,  (D.26) 

•j  o 

where  B0  is  defined  in  Appendix  Q.  Note  that  the  isobars 
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Table  6.  Normalized  surface  pressure  perturbation, 
P2g (X,Y) ,  and  the  absolute  values  of  the  extreme  perturba¬ 
tion,  P2m=  I P2S  ^Xm'  ^ )  I  '  an<^  ^ts  position,  X  ,  for  two- 
dimensional  slice  flow  over  an  elliptical  barrier  with 
height  H(R)  =  ( 1 -R2 ) v6 ( 1 -R2 ) ,  where  R2=X2+Y2.  Define 
A2=1-Y2.  Also,  P2S(X,Y)=0  for  |Y|>1. 


V 

P2s(X,Y)  ;  |Y|sl 

X 

m 

p2m 

0 

2  X 

-  arctanh  —  ;  Rsl 

TT  A 

2  ,  A 

-  arctanh  —  ;  R2l 

7T  X 

1 

00 

1 

2 

-  X  ;  Ril 

-X  +  (R2-l)  sign(X)  ;  R*1 

1 

1 

1 

2 

ir 

_  2 

TT 

AX  +  (1-R2)  arctanh^}  ;  Ril 

.  ' 

AX  +  (1-R2)arctanh(— }  ;  R^l 

x  J 

.834 

.764 

3 

2 

-  X3 

-  a2x  f  -  frj  ;  R*1 
r,.  2  .2  i3/2 

-  x  +  (x  - 

' 

.707 

.707 

V 

'  r(v+V(2|1r(3/2)  ^  lx  F(l,l/2-v;3/2;fT)  ;  bl 

■  r(v+3/2)  r (1/2)  X  F(1/2,1,v+3/2,^7)  ,  R^l 
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Table  7.  Normalized  surface  pressure  perturbation, 

P  (X,Y),  and  the  absolute  values  of  the  extreme  perturba- 
3C 

tion,  =|P  (X  ,0)1,  and  its  position,  X  ,  for  three- 

3  Cm  3C  m  111 

dimensional  flow  over  a  circular  hill  with  height 
H ( R)  =  ( 1-R2 )V6( 1-R2 ) ,  where  R2=X2+Y2. 


V 

P3C(X'Y) 

X 

m 

P3Cm 

0 

-  -  X  (K-E)  ;  Rsl  * 

TT 

‘ft  (K-E)  !  ^ 

1 

oo 

1 

2 

-  f  X  ;  Rsl 

x  f  .  fl-v  lfl  1  ^ 

-  j  [arcsxny  -(l  -  j 

;  R*1 

1 

.785 

1 

~  [(1-R2)K  +  (2R2-1) E^ 

3tt  R^  j 

/  y  f  I 

-  —  f  (2R2-1)E  +  2(1-R2)K 

3tt  R  l  J 

* 

;  Rsl 

* 

;  R2l 

.799 

.571 

3 

2 

-  |f  X  (4-3R2 )  ;  R^l 

(4-3R2)arcsm(R)  +  R  (l  ;  R>1 

J 

.667 

.524 

V 

-  ^1^1727^  x  f(3/2,1/2“v;2;r2)  :  Rs1 
-  2(1+1)  h  nm,3/2,.+2iy  ;  toi 

K=K(k)  and  E=E(k)  are  complete  elliptic  integrals  with  modulus  k, 
where  k=R  for  R£l  and  k=l/R  for  R^l. 
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for  the  t>=1/2  case  are  straight  lines  parallel  to  the 
Y-axis,  within  the  elliptical  region  R< 1 .  At  R= 1  the  pres¬ 
sure  is  continuous  but  the  pressure  gradient  is  not.  There¬ 
fore,  the  isobars  kink  at  R= 1 .  For  R> 1  the  pressure  field 
involves  incomplete  elliptic  integrals,  because  6(  1-£2)  is 
zero  for  part  of  the  region  of  integration. 


D.2.4 


Pressure  for  a  logarithmic  barrier: 


H  = 


In 


V+R2' 

1+RZ 
In (62) 


From  GR  (p.  489)  one  obtains 


p2s(x,y) 


2 

In (6Z) 


* 

arctan 

. 


‘(<52+Y2)^ 


arctan 


(1+Y2) 


y 


( D  .  2  7  ) 


Unlike  the  preceding  cases,  an  explicit  formula  for  the 
extreme  pressure  perturbation  exists  for  the  infinitely- 
extended  logarithmic  ridge.  The  result  is 


at  X  =  <5^  .  (D.  28 ) 

m 

The  extrema  of  the  pressure  field  occur  at  the  half-height 
points,  H=1/2,  and  inflection  points  occur  at  X2=6 2 ( 6+6  + 1 ) , 
where  H=1/4. 

Proceeding  as  with  the  *>-type  terrain  (see  Section 
D.2.3)  evaluation  of  the  p  integral  (GR,  p.  731)  in  (B.5) 
leaves  a  <t>  integral  that  can  be  expressed  in  terms  of  ellip¬ 
tic  integrals.  In  the  circular  barrier  case  one  finds  from 
this  approach  (GR,  p.  905),  or  from  (B.6)  directly  (GR, 
p.  693 )  ,  that 


2m  ln(6z) 


1 

arctan 

A 

-  arctan 


232 


P3C(X-Y>  "  ijzy 


n. 


T  B0(V  -  VIV 


(D . 29 ) 


h. 


where  y  -6/(62+R2)  ,  y  -1/(1+R2)  and  B  (y)  is  defined  in 

o  1  O' 

Appendix  Q. 


D.  2.5 


Pressure  for  an  arccot  barrier: 


arccot 


R2+cos2a)^ 


H  = 


sin2w 


2w 


involves  elliptic  integrals  with  complex  modulus  and 

will  not  be  discussed  here.  P  can  be  evaluated  from  GR 

2S 

(p.  491)  : 


P2S(X’Y) 


-  -r—  arctanh 
2co 


2Xnsin^) 

.  x^+n2  J 


( D .  3  0  ) 


where 

n2  cos2£  =  Y2  +  cos2o) 
n2  sin2£  =  sin2(jo 

4 


( D .  3  1  ) 


As  with  the  logarithmic  case  (see  Section  D.2.4),  the 
extreme  perturbations  occur  at  H=1/2.  One  finds 


P0  -  ■=—  arctanh (sinoo)  at  X 
2m  2to  m 


1 


( D . 32 ) 


Inflection  points  of  the  pressure  field  are  at  X2=1  +  2coscj, 
where  H=1/4. 


D.2.6  Pressure  for  a  singular  barrier:  H  =  K0(R) 

Although  this  case  involves  a  barrier  of  infinite 
height  at  R=0,  a  formal  solution  for  the  pressure  field  can 
be  found  for  the  infinitely-extended  ridge  and  circular 
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barrier  cases.  From  GR  (p.  419), 


P2(X)  =  | 


Lolxl  - 


sign(X) 


( D .  3  3  ) 


£*23^'^  was  n°t  found .  From  (B.6),  using  a  differentiated 


form  of  an  expression  in  GR  (p.  678),  one  obtains 


P3C(X’«  -ff 


IX(R)  -  L_x(R) 


(D.34) 


For  properties  of  Struve  functions  of  imaginary  argument, 

Ln ,  see,  for  example,  Abramowitz  and  Stegun  (1965,  p.  498). 


D.2.7  Pressure  for  miscellaneous  infinite  ridge  cases 


For  H= ( 1  — | X | )  0(1-|X|)  the  pressure  perturbation  is 
(GR,  p.  433)  : 


P2(X)  = 


1 

7T 


X  In 


1 

X^ 


-  1  +  ln 


1+Xi 

1-X1 


( D .  3  5  ) 


The  pressure  is  finite  everywhere,  but  dP2/dX  is  singular  at 

X2  =  0  and  1.  The  extreme  perturbation  is  P2m=  (  2/ir )  ln  (  1 +/2  ) 

^.561,  at  X  =1/V2=.707.  Note  that  P_  is  exactly  the  same 
m  2m 

as  for  the  o)=7r/4  case  of  the  arccot  barrier  (see  Section 
D.2.5)  . 

For  H=exp(-|X|),  the  pressure  perturbation  can  be 
expressed  in  terms  of  the  exponential  integral  function  (GR, 
pp .  406,  925). 

For  H=sech(X),  it  is  Euler’s  function  that  arises. 


APPENDIX  E 


ANALYTICAL  RESULTS  FOR  A  SEPARABLE  TERRAIN  FORM 

E . 1  Three-dimensional  pressure  field 

In  this  appendix,  derivations  are  given  for  the  pres¬ 
sure  perturbation  and  total  drag  associated  with  flow  over  a 
mountain  with  normalized  height 


1 


(E.  1  ) 


H '  (i+x2)  d+Y^y 


X  and  Y  are  defined  by  (B.1). 

The  Fourier  transform  of  H,  defined  by  (B.3),  is  found 
from  GR  (p.  406)  to  be 


(E.2) 


Because  the  topographic  contours  are  not  ellipses,  there  is 
no  particular  advantage  to  using  coordinates  defined  by 
(B.2).  Instead,  define  the  variables  (r,£)  by 


K  -  pcos$>  =  YTCOSE;  , 


(  E  .  3  ) 


X  =  psin<f>  =  Tsin£ 


Use  ( E . 3 )  in  (B.5),  replacing  H(p)  with  H(k,^).  The  r  inte 
gration  is  easily  carried  out  to  leave 


where 
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I(X,Y)  = 


( E  .  5  ) 


tt/2 

» 

_ ycosg+sin£ _ 

(ycos£+sin£)2  +  (yXcos£+Ysin£) 2  ^  * 

0 


and 

J(X,Y)  “  ~2  ax 


( E  .  6  ) 


After  considerable  algebraic  manipulation,  (introducing  the 
integration  variable  tan(£/2)  and  using  the  method  of 
partial  fractions,  for  example)  the  following  results  were 
obtained : 


I (X , Y )  =  - - — r  (Lcos (a+cu)  +  Asin(a+u)}  ,  (E.7) 

(1+X2)^ 

and 


J(X,Y)  -  2  (1+x2)  T2 


Y2Lsin  (2a+3w)  -  y2Acos  (2a+3co) 

+  Ssin(2a+2u-ri)  -  ysin  (2a+2w)  , 


(  E  .  8  ) 


where 


n  *  3 -a  ,  a  =  arctanX 


3  =  arctanY 


9 


T2cos2u)  =  y2  +  S2cos2n  ,  T2sin2u  —  S2sin2n  > 
P+  ®  Scosn  ±  Tcosw  ,  Q+  =  Ssinn  ±  Tsinu  , 


1  In 

(y+p+)  2  +  Q2' 

A  =  ± 

f 

at r  t* an 

ry+P  ' 

—  In 
2T 

(Y+PJ2  +  Qf 

»  A  T 

[  Q. 

(  E  .  9  ) 


fY+P 


arctan 


l  Q, 


To  verify  (E.8)  in  all  its  detail  would  require 

considerable  study.  However,  it  is  not  too  difficult  to 

show  that  it  leads  to  the  correct  result  for  the  pressure 

field  in  the  limit  b->®  (y->0  and  Y->0,  in  which  case  the  pres- 

reduces  to  P  for  the  m=1  case  in  Table  4  of 
2 


sure 
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Appendix  D) .  As  another  check,  a  calculation  was  done  for 
the  y=1  case  of  (E.8).  The  magnitude  of  the  extreme  pres¬ 
sure  perturbation  was  found  to  be  P  ^.365,  occurring  at  a 
distance,  X  =*.849,  from  the  mountain  top.  These  values  are 

m 

reasonable,  in  light  of  the  results  obtained  for  the  circu¬ 
lar  hill  with  (see  Table  5  in  Appendix  D) . 

E . 2  Total  drag 

To  find  the  total  drag,  D  (normalized  as  in  Eq.  10.3), 
for  three-dimensional  flow  over  the  barrier  (E.1),  substi¬ 
tute  (E.2)  into  (8.3).  Changing  the  integration  variables 
to  (r ,  £ )  ,  as  in  (E.3),  the  r  integration  is  found  to  be 
elementary,  once  again.  The  resulting  expression  for  D  is 


tt/2 

2  r 
n  r»c  y 


(E. 10) 


0 


Introducing  tano=1/y  allows  the  denominator  in  the  integrand 
to  be  written  as  cos  3 ( £-a )/sin 3o .  Finally,  changing  the 
integration  variable  to  £-o  and  using  GR  (pp.  136,  137) 

gives  the  result 


(E. 1 1 ) 


For  example,  if  y=1,  then  1.001.  The  corresponding  value 
for  the  ju=1  circular  hill  case,  calculated  from  (10.4)  and 
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(10.6),  is  7t3/32^.969.  Zehnder  and  Bannon  (  1963)  have  cal¬ 
culated  the  total  drag  for  non-hydrostatic  flow  over  the 
barrier  (E.1)  in  the  presence  of  a  constant  Coriolis  param¬ 
eter,  f.  In  the  hydrostatic  limit,  with  f  =  0 ,  numerical 
values  taken  from  one  of  their  diagrams  agree  with  the  ana¬ 
lytical  result  ( E . 1 1 ) . 


' 


APPENDIX  F 


PERTURBATION  FIELDS  NEAR  R=0 


An  approximation  for  the  surface  pressure  perturbation 
directly  over  the  barrier,  near  R2=X2+Y2=0,  can  be  obtained 
by  expanding  the  complex  exponential  in  (5.1)  as 

eipRcos(4>  0)  _  ^  +  ipRC0S (<j>— 0 )  +  0(R2)  .  (p  -j 


Substituting  this  expansion  into  (5.1),  the  integation  over 
0  can  be  done,  with  the  terms  involving  even  powers  of  R 
vanishing  to  leave 

P3(X,Y)  -  -  X  Bo  I  +  0(R3)  ,  (F .  2 ) 


where  B0=B0(y)  is  an  elliptic  integral  defined  by  (Q.1)  or 
(Q. 3 ) ,  and 


I 


=  4 
0 


H(p)  dp 


(  F  .  3  ) 


The  pressure  field  is  seen  to  depend  on  a  factor,  B0(y), 
which  is  a  function  only  of  the  eccentricity  of  the  ellipti¬ 
cal  terrain  (that  is,  on  its  horizontal  cross-section),  and 
a  factor,  I,  which  depends  only  on  the  spacing  of  the  ellip¬ 
tical  terrain  height  contours  (that  is,  on  the  vertical 
cross-section  of  the  terrain).  For 'the  barrier  (4.1),  for 
example,  using  (4.11),  one  obtains  from  GR  (p.  684) 


T  (y-t-l/2)  (F.4) 

r (3/2)  r (y ) 
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*0 
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The  pressure  perturbation  due  to  a  barrier  rotated 
through  an  angle,  \p ,  as  introduced  in  Chapter  5,  is  found, 
from  (5.15)  and  (5.16),  to  be 

PROT^X,Y^  “  “  1  (x(BGcos2i|rH:osin2^)  +  ~(Bo«Co)  sin^  cos^)  +  0(R3), 

( F  .  5  ) 

where  C0=C0(y)  is  defined  in  (Q.1). 

From  ( F . 5 )  ,  one  can  derive  various  other  quantities  of 
interest.  For  the  barriers  studied  in  this  paper,  for 
example,  the  maximum  pressure  gradient  occurs  at  R=0.  The 
magnitude  of  this  maximum,  normalized  by  the  dimensional 
factor  p0U  Nh0/a ,  is 


3p312 


3X 


r3P  2' 


-hr' 


3Y 


R=0 


I  (B2cos2^+C2sin24/)^ 


( F  .  6  ) 


If  x  is  the  counterclockwise  angle  that  the  PROT(X,Y)=0 
isobar  makes  with  the  y  axis  at  the  origin  in  an  x-y  plot, 
such  as  Fig.  8,  then  from  (F.5): 

(B  -C  )  tanip 

tan*  B  +C  tan2^  *  (F.7) 

o  o 

If  the  terrain  is  an  infinitely-extended  ridge  (y=0),  one 
finds  x=^,  so  that  the  isobars  are  parallel  to  the  ridge. 

For  a  finite  barrier  in  its  standard  orientation  (\p=0)  or 
rotated  a  quarter  turn  (\i/=7r/2),  from  (F.7)  one  obtains  x  =  0, 
so  the  isobars  are  aligned  perpendicular  to  the  incoming 
wind.  For  some  intermediate  orientation  (0<\//<7r/2)  of  an 
isolated  ridge  (0<y<1,  say),  the  relation  of  the  isobars  to 
the  ridge  is  0<x<V/»  This  result  means  that  the  isobars 
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rotate  less  than  the  barrier  if  its  orientation  is  changed 
relative  to  the  upstream  flow.  For  a  given  barrier  shape, 
y=constant,  the  rotation,  x,  of  the  isobars,  is  maximized 
for  the  barrier  orientation  angle  4'=4'm,  where 


B 

?  ,  o 

tanz4>  *  — 
m  L 

o 


(F.8) 


If  xm  is  this  maximum  value  of  x,  then  one  finds 


Xm  =  "  */2 


( F  .  9  ) 


For  a  barrier  with  0<y< 1 ,  one  finds  B0  >  C0,  so,  (F.8) 
implies  that  ^m>7r/4.  This  means  that,  in  the  orientation 
giving  the  maximum  rotation  of  the  isobars,  the  long  axis  of 
the  barrier  is  closer  to  being  aligned  with  the  mean  wind 
than  is  the  short  axis. 

From  the  pressure  field  at  R=0  one  can  also  calculate 
the  velocity  derivatives,  du' /dx  and  dv'/dy,  and  the  hori¬ 
zontal  divergence,  D  .  As  mentioned  in  Chapter  7,  these 
quantities  have  extrema  at  R=0.  Using  (3.27),  (3.31)  and 
( F . 5 )  one  obtains 


3u " 
3x 


Nh 

— -  I  (B  cos2iI/+C  sin2^) 
a  o  o 


dv' 

3y 


Nh 

— -  I  (B  sin2\|H-C  cos2^) 
a  o  o 


ini  +  mi 

3x  ay 


I  (B  +C  ) 
o  o 


\ 


► 


(F.  10) 


Fig.  17  shows  the  variation  of  3u'/9x,  9v'/3y  and  D  as  a 
function  of  y  for  \p=0.  For  a  barrier  rotated  by  45° 
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(\//=7r/4),  one  finds  9u  /9x=9v"/9y,  independent  of  y. 

Substituting  for  B0  and  C0  in  (F.10)  from  their 
definitions  in  (Q.3),  gives 


Nh 

-p-  I  E(k)  ;  Y<1  , 

- 

Nh 

I  E(k)  ;  y>l  , 


(F.  1  1  ) 


Since  y=a/b,  (F.11)  implies  that  the  horizontal  divergence 
at  R=0  is  inversely  proportional  to  the  minor  axis  length  of 
the  elliptical  terrain  and  is  independent  of  its  orienta¬ 
tion,  4/.  As  with  the  pressure  gradient,  the  contribution, 

I,  depending  on  the  vertical  cross-section  of  the  terrain, 
factors  out  from  the  dependence  on  the  shape  of  the  horizon¬ 
tal  cross-section. 


APPENDIX  G 


PRESSURE  PERTURBATION  FAR  FROM  THE  BARRIER 


In  this  appendix  the  rate  of  decay  of  the  pressure  per¬ 
turbation  far  from  the  barrier  will  be  determined.  Argu¬ 
ments  are  made  to  suggest  a  close  relationship  between  the 
asymptotic  behaviour  of  the  pressure  field  and  the  cross- 
sectional  area  and  volume  of  the  terrain,  in  two-  and  three- 
dimensional  flow  situations,  respectively. 

For  flow  over  an  infinitely-extended  crosswind  ridge, 
h=h(x),  the  normalized  pressure  perturbation,  P  (X) ,  is 
determined  from  (3.23)  and  (3.24)  to  be 


P2(x)  = 


P"(x) 

p"  U  N  h 
o  o 


00 

|  sign(k)  h(k)  dk 

— OO 


(G.  1  ) 


Integrating  by  parts  twice,  assuming  the  height  Fourier 
transform,  h(k),  and  its  derivatives  vanish  as  |k|-*®,  one 
has 


P2(X)  =  - 


_1 _ 

ah  X 
o 


^-(sign(k)}  h(k)  elkx  dk  +  0(^7) 

< 

—CO 


This  integral  can  be  evaluated  by  noting  that 


( G  .  2  ) 


■^-(sign(k))  =  26  (k)  , 

where  6 ( k )  is  a  Dirac  delta  function.  (See  any  standard 
book  on  mathematical  physics,  such  as  Mathews  and  Walker 
(1970)).  Substituting  (G.3)  into  (G.2)  gives 
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p2(x)  ■  -$ri  +  °(i?)  •  <G-4) 

o 

From  (3.22)  the  Fourier  transform  at  zero  wave  number  is 
seen  to  be  related  to  the  x-z  cross-sectional  area,  A,  of 
the  ridge,  by  h(0)=A/27r,  so 

P2(X)  •  ■  TSTx  +  °$z)  •  (G.5) 

o 

y 

For  the  particular  terrain  h=h0/(1+X2)  ,  the  formula  (G.5) 
can  be  verified  directly  from  the  solution  (5.8)  with  the 
transformation  (5.9),  using  the  properties  of  the  hypergeo¬ 
metric  function.  It  is  found  to  hold  for  all  values  of  y 
for  which  the  area,  A,  given  by  (4.6)  with  Y=0,  is  finite. 
However,  for  #z<1/2,  A  is  infinite  and  the  pressure  field 
falls  off  more  slowly.  Specifically,  one  finds 


2  in [x 1 
X 


P2(X)  -  - 


TT 


tan  (Try ) 

„2y 


V  -  h 

u  <  h 


(G.6) 


Proceeding  similarly,  but  with  even  less  mathematical 
rigor,  the  behaviour  of  the  pressure  at  large  distances  from 
an  isolated  three-dimensional  barrier  will  now  be  found. 

For  convenience,  the  present  discussion  will  be  limited  to 
the  Y=  0  case,  in  the  limit  as  X-»®.  The  normalized  pressure 
field  along  Y=0,  from  (3.19)  and  (3.20)  is 


P3(X,0) 


p"(x,0) 

p*  U  N  h 
o  o 


o 


oo  ao 

h(k, £) 

■  (k2*!2)*5 

>  — OO 


ikx 

e 


dk  d£ 

j 


(G.7) 
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A 

If  h  (  k  ,  / )  vanishes  sufficiently  fast  as  |k|->®,  then 
integration  by  parts  in  (G.7)  gives 


P3(X,0) 


00  oo 


1  3 

_ I . 

1 

0  — 0 

f 3 

f  h(k ,£) 

h  3x 
o 

—  o 

3k 

0 

‘(k^l2)^- 

ikx 

e 


dk  d£ 


(G .  8  ) 


For  the  smooth  terrain  fields  under  consideration  in  this 

A 

paper,  the  Fourier  transform,  h(k,-0,  has  no  singularities 
away  from  the  origin,  so  that  the  major  contribution  to  the 
integral  (G.8)  is  expected  to  come  from  the  region  about 

A  A 

k=/=0.  Approximating  h(k,-6)  by  h ( 0 , 0 )  and  performing  the 
integrations  over  k  and  /  (GR  pp.  296,  405),  leads  to  the 
result 


P3(X,0) 


v  sign  (X) 

27tazh  X2 
o 


(G .  9 ) 


where  V=47r  2h  ( 0 , 0 )  is  the  terrain  volume  (see  Eq.  4.7).  The 
expression  (G.9)  is  found  to  give  the  correct  result  for  the 
terrain  h=h0/ ( 1+R2 ) V ,  whenever  the  volume,  as  given  by 
(4.8),  is  finite.  This  is  the  case  for  y>  1  .  For  u<  1  ,  the 
volume  is  infinite  and  the  pressure  falls  off  more  slowly 
than  X'2.  This  can  be  illustrated  by  examining  analytical 
solutions  for  the  pressure  field.  For  a  circular  barrier, 
for  example,  from  (5.12)  one  obtains 


(X,Y) 


r (y+i/2)  rg-p)  x 

r  (y )  r  (3/2-y )  R2y+1 


xfln (4R)-l) 

R3 


;  0<y<l 


(G. 10) 


;  y=i 
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Expansions  for  the  elliptical  terrain  cases  with  ^=1/2, 
1,  3/2,  and  2  were  developed  from  the  analytical  solutions 
presented  is  Appendix  D,  using  properties  of  elliptic  inte¬ 
grals,  with  the  results: 


where  x=y|X|  and  L=ln(4x).  The  expansion  coefficients 
depend  on  the  barrier  eccentricity  through  the  parameters 

S  =  —  ,  T  =  -(E-y2K)  ;  Y<1  » 

7T  7T  “ 

S  =  —  ,  T  =  ^(E-K)  ;  y>l  » 

TTY 

and  Q= y  2  -  1 /2 . 

Note  that  the  pressure  far  from  the  barrier,  along  Y=0, 
decays  as  X"1  for  both  the  flow  over  an  isolated  three- 
dimensional  barrier  (y/0)  with  n=^/2f  and  for  the  two- 
dimensional  flow  over  an  infinitely-extended  crosswind  ridge 
with  u= 1.  This  indicates  that  the  rate  at  which  the  pres¬ 
sure  perturbation  decreases  downstream  of  the  mountain  peak 
is  not  solely  determined  by  whether  the  flow  is  two-  or 
three-dimensional. 


APPENDIX  H 


LIMIT  OF  AN  INFINITELY-EXTENDED  CROSSWIND  RIDGE 

In  this  appendix,  an  approximation,  ,  to  the  pres- 

3A 

sure  field  for  a  three-dimensional  flow,  P  ,  is  derived  to 

3 

show  how  the  two-dimensional  slice  field,  P  ,  is  approached 
as  the  mountain  barrier  becomes  infinitely-extended  in  the 
crosswind  direction.  This  is  the  limit  y->0. 

The  starting  point  for  the  calculation  to  be  outlined 
here  is  the  integral  (5.1)  for  P  .  A  binomial  expansion  of 
the  y-dependent  factor  in  the  integrand,  as 

(cos24>  +  Y2sin24>)  **  =  1  +  °(t4)  »  (H.1) 

fails  to  give  a  useful  result  because  the  tan 2  <p  factor 
becomes  infinitely  large  at  <p  =  ir/2  and  3tt/2.  The  approach 
used  instead  is  to  expand  the  complex  exponential  in  the 
numerator  of  the  integrand  as 


^ipRcos  (4>— 0  )  _  ^ip  (Xcos4>+Ysin4) ) 


OO  00 

-  I  I 

q=0  r=0 


(ipXcos(fr)q  (ipYsin^) 


r! 


( H  .  2  ) 


The  <t>  integration  can  then  be  carried  out  and  the  series 
resummed.  Although  this  method  is  very  cumbersome,  it  will 
be  shown  to  give  reasonable  results. 

Substituting  (H.2)  into  (5.1),  the  <p  integral  to  be 
evaluated,  denoted  here  by  S  for  brevity,  takes  the  form 
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-  If 


* 
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2ir 


S  =  S(p)  = 


cos4>  e 


ip  (Xcos4>+Ysin4>) 


(cos24>  +  y2sin24>) 


d<J> 


(H.3) 


2tt 


COS<£ 


(cos24>  +  Y2sin2<J>)^  q=0  r=0  q 


j  J  (ipXcos(|>)q  (ipYsin4>)r  ^ 


From  symmetry  considerations,  the  integral  reduces  to 


00  oo 


S  =  4ipX  l  l  (-pW  (-pW  D 

m=0  n=0  (2nrfl)!  (2n) !  m+1  n 


(Y) 


( H  .  4  ) 


where  D  defined  by  (Q.7),  can  be  evaluated  in  terms  of 
elliptic  integrals.  However,  for  the  present  purposes,  the 
exact  form  of  Dmn  is  not  required,  but  only  the  terms  up  to 
second  order  in  y.  These  can  be  determined  by  making  use  of 
the  following  expansions  for  the  complete  elliptic  inte¬ 
grals,  K  and  E  (GR,  pp.  905,  906): 


K  =  A  +  ^(A-1)y2  +  0(Ay4)  , 

E  =  1  +  *i(2A-l)Y2  +  0(Ay4)  , 


( H .  5  ) 


where  A=ln(4/y).  Substituting  (H.5)  into  recursion  rela¬ 
tions  for  D  ,  similar  to  (Q.9)  and  those  given  in  Byrd  and 
mn 

Friedman  (1971,  pp.  191-193),  an  explicit  result  can  be 
obtained  to  second  order  in  y: 


Dmn(V>  " 
Dln(Y)  - 


r  (m)  r  (n+h) 

2  T  (m-Hn+^) 

_JL  +  od 

2n+l  4 


i  -  2  + 

4(m-l)T  J 


n 


3  -  2A  +  2  l 


r=l 


2r+l 


0(AY4)  ; 

]  +  o(Ay4) 


m>2,  n>0 

;  n>0 


’  ( H  .  6  ) 


In 


where  the  summation  in  D 


is  taken  to  be  zero  for  n=0. 
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Perhaps  an  easier  derivation  could  be  found,  based  on  the 
theory  of  hypergeometr ic  functions,  using  (Q.8). 

Substituting  from  (H.6)  into  (H.3)  and  summing  portions 
of  the  resulting  series  gives 


S(p)  =  ipx 


4sinpY 

pY 


+  y2 (3-2A) cospY  +  2y2  J 

n=l 


f(-P2Y2)n 

(2n) ! 


n 


l 

r=l 


\ 

_1 _ 

2r+l 

/ 


oo  00 


+  I 

m=l  n=0 


f-p  2X2> 

,m 

CM 

>* 

CM 

CL 

4  1 

\  > 

4 

!  _  12n+l)  2] 
_ 4m  '  j _ 

r (m+3/2)  r (m+n+3/2) 


+  0(Ay4) 


( H  .  7  ) 


From  (5.3),  Sip)  =  27riH0(pX),  when  Y=y  =  0.  This  result  is 
consistent  with  (H.7)  because 


H  (PX) 
n 


r  00 

£X)  l 


J 


-p  2X2 


,m 


m=0  T (m+3/2 )  T (m+n+3/2) 


(H .  8  ) 


(GR  p.  982) . 

In  terms  of  S,  the  pressure  perturbation  (5.1)  is  given 
by 

00 

(X>  Y)  =  i  |  p  S(p)  H(p)  dp  .  (H.9) 

0 

y  * 

In  the  specific  case  h ( x , y ) =h0/( 1 +R2 )  ,  substituting  H(p) 

from  (4.11),  some  of  the  remaining  integrations  can  be  done, 
using  results  from  GR  (pp.  684,  747,  749).  Neglecting  terms 
of  order  Ay  “  leaves  an  approximation  to  ,  given  by 
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P3A(X’Y) 


r(u+i/2) 


1  +  G(v) 


r(3/2)  r(u)  (lt?!)rt 

+  '<,(!&)  2y2g(v)  '  2G(“> 


+  (l-2yY2) 


3-2A- 


V  0) 

\ 


+ 
0  0 


G(M 


dX 


(H. 10) 


where 


v  =  - 


1+Y' 


oo  = 


1+Y2 


and 


G(X)  =  F(l,y+|;|;X)  -  1 


Note  that  the  terms  in  (H.10)  that  are  independent  of  y  give 
the  two-dimensional  slice  solution,  P2S(X,Y),  defined  by 
(  5  .  10)  and  (5.8). 

The  leading  order  correction  to  P2S  in  (H.10)  arises 
from  the  term  in  A  and  is  seen  to  be  proportional  to 


X(l-2yY2)  2 


(1+Y2) 


y+3/2 


lny 


(H. 1 1 ) 


Since  the  correction  term  is  linear  in  X,  the  approximation 
will  fail  for  sufficiently  large  X.  This  is  illustrated  in 
Fig.  47,  which  shows  the  height  field  for  a  barrier  with 
y=3/2  and  y=1/4  in  the  region  X>0,  Y>0,  along  with  the  cor¬ 
responding  three-dimensional  flow  pressure  field,  P^ ,  the 
approximation,  P^A ,  given  by  (H.10),  and  the  two-dimensional 
slice  approximation,  P2S*  Also  shown  are  the  differences, 

P  -P  and  P  -P  ,  in  Figs.  47e  and  47f,  respectively.  From 
3  3A  3  2S 
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X  X 


Figure  47.  Contours  of  normalized  terrain  height,  H, 
for  m=3/2  and  7=1/4  (Fig.  47a),  three-dimensional  flow  pres¬ 
sure  perturbation,  P3  (Fig.  47b),  its  approximation,  P 3A  , 
given  by  Eq.  H.10  (Fig.  47c),  the  two-dimensional  slice  flow 
approximation,  P2S  (Fig.  47d),  and  the  differences,  P3-P3A 
(Fig.  47e )  and  P3-P2s  (Fig.  47f). 
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Figs.  47b,  47c  and  47df  it  is  seen  that  there  is  a  qualita¬ 
tive  similarity  between  the  P3 ,  P3A  and  P2S  fields  near  the 
Y=0  axis.  However,  the  concentration  of  lines  in  the  lower 
right  corner  of  Fig.  47e  shows  that  the  approximate  solu¬ 
tion,  along  Y=0,  rapidly  loses  accuracy  as  X  increases.  At 
X=0.8,  for  example,  the  magnitude  of  the  relative  error, 

| (P3-P 3A)/p3 I  is  only  1%,  whereas  for  X=2.0  the  error  is 
9.4%.  At  these  positions  the  values  of  | ( P^  — P 2S ) /P 3 |  are 
7.1%  and  18.4%,  respectively.  Therefore,  P3A  provides  a 
better  description  of  the  pressure  field  than  does  P2S  in 
the  region  of  the  maximum  perturbation  and  for  some  distance 
downstream.  Compare  the  lower  left  portions  of  Figs.  47e 
and  47f. 

In  the  cases  m= 1 /2 ,  1,  3/2,  and  2,  the  hypergeometric 
function  and  its  integral  appearing  in  (H.10)  have  been 
evaluated,  as  in  Table  4  of  Appendix  D,  to  give  the  results: 


(X.Y)  =  -  ~ 

7T 


1  + 


(l+R2-X2Y2)  2] 

J 


L 


Xy2 

f (1-2A) (1-Y2) 

(1+Y^)2 

4 

k 

-  YarctanY 


W*l/2  , 


(1+Y2)3/2 


y2y2  ](1+Y2) 

Y2Y2 

2(1+Y2)J  (1+R27 

1+Y2 

(1-2Y2) (3-2A) 

» 

4(1+YZ) 
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where 


2 

TT 


1 

1+R2 


1  .  Y2  2 
1  + 

lx2 


) 


l+Y' 


+  L 


+  Yi+y2)3  Cl-A) (1-3Y2)  +  Y(2Y2-3)arctanY 

4 

,  Y2(1-3Y2)(1-Y2+2R2)L 

+  - 2U+y2)* -  •  ^3/2 


2(1+Y2)5/2 


L  = 


1  + 


y2y2  1 

(l+Y2) (3+2Y2+R2) 

2 ( l+Y  2 ) J 

(1+R2) 2 

+  3Iiilz^il[3.2F  2X2 


A (l+Y2)  , 

y2Y2 (2Y2-9) 

2 (l+Y2) 


—  arctanh 


(1+R2)^ 
A(X,Y)  =  A  +  In 


(1+R2) 


2  wj 


l+Y' 


(1+R2)^ 


3 (1+R2) J 

;  u-2 


(H. 12) 


R= ( X 2  +Y 2 ) 1  ' 2 


and  A=ln ( 4/y ) . 


APPENDIX  I 


LIMIT  OF  AN  INFINITELY-EXTENDED  RIDGE  PARALLEL  TO  THE  WIND 

In  this  appendix  the  pressure  field  is  examined  in  the 
limit  as  y*06*  This  corresponds  to  an  inf initely-long  ridge 
aligned  with  the  direction  of  the  mean  wind.  As  discussed 
in  Chapter  7,  this  also  gives  information  about  the  trans¬ 
verse  velocity  in  the  y-*0  limit  (an  infinite  crosswind 
ridge ) . 

The  method  used  is  the  same  as  in  Appendix  H,  with  the 
pressure  field  being  determined  from  (H.9)  and  (H.4),  except 
that  an  approximation  for  Dmn(y)  valid  for  y-*<=°  is  developed, 
rather  than  for  y-»0.  However,  there  is  a  close  connection 
between  these  two  limits  because  of  the  relation 

D  (Y)  =  -  D  (— }  ,  (1.1) 

mn  y  run 

which  follows  easily  from  (Q.7).  Using  (1.1)  in  (H.4)  gives 


S(p) 


AipX  y  y  (-P  W  (-p^)*  rl} 

Y  A  (2m+l)!  (2n) !  n  m+l 'y 

m=U  n=U 


(1.2) 


For  n*0 ,  the  factors  Dntfld/y)  are  given  by  (A5.7). 

D  ,,  (1/y)  can  also  be  obtained  from  (H.6)  with  (H.5), 
using  the  identity 


1  1  ^ 
&  - »  0  - 1 


o  m+l  vy'  00  'Y“ 


r=0 


where  D  (1/y)=K(k),  with  k 2  = 1  -  1 /y  2 .  One  finds 
oo 


(1.3) 
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D  (-}  = 
o  m+1  '■y' 


A 


m 


l 

r=0 


_1_ 

2r+l 

y 


(2m+3)>i 

- 


1 


+  0 


A 

'  y 


(1.4) 


where  A=ln(4y).  Substituting  (H.6)  and  (1.4)  into  (1.2)  and 
simplifying  some  of  the  terms,  gives 


S(p) 


4ipX 

Y 


( 


TsinpX 

A  -Y~" 

pX 


OO 

y 

f(-P2x2)m  ?  1  1 

L 

m=0 

(2m+l) !  A  2r+l 

^  r=0  ' 

(1.5) 
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For  the  particular  terrain  h ( x , y ) =hQ/( 1 +R2 )  ,  the  inte¬ 
grals  to  be  evaluated,  after  putting  (1.5)  into  (H.9),  are 
very  similar  to  those  considered  in  Appendix  H.  The 
resulting  surface  pressure  perturbation  for  y>>1  is 


P3(X,Y)  =  - 


r  (y+i/2) _ x 

ro/2)  r(p)  t(1+x2)^ 


A  -  1  +  G(v') 


(1.6) 


where 
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J 
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Y2 

1+XZ 


0) 


X2 

1+X2 


* 


G(X)  =  F(l, y+|;|;X)  -  1  . 

/V 

Since  the  term  in  A  dominates  the  pressure  for  sufficiently 
large  y,  one  can  obtain  some  information  about  the  pressure 
field  without  evaluating  the  hypergeometric  function.  For 
example,  retaining  only  the  A  term,  one  finds  that  the 
extreme  pressure  perturbation  occurs  at  a  distance 
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Xm=(2M)'1/2  from  the  terrain  peak.  See  Fig.  11. 

Evaluation  of  (1.6)  in  the  specific  cases  n='\/2,  1, 
3/2,  and  2,  gives: 
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APPENDIX  J 


FAST  FOURIER  TRANSFORM  CALCULATION  OF  THE  PRESSURE  FIELD 


Following  Smith  (1980),  the  Fast  Fourier  Transform 
method  can  be  used  to  calculate  the  integrals  for  the  ter¬ 
rain-height  Fourier  transform  and  pressure  appearing  in 
( B . 3 )  and  ( B . 5 )  . 

A* 

First  consider  evaluation  of  H(k;Y).  The  height  field, 
H ( X , Y ) ,  is  sampled  at  M  evenly  spaced  points,  X^  ,  along  a 
line  of  constant  Y: 


X^_  =  (r  -  M/  2 )  AX  ;  r—  1 ,  2 ,  . . .  M  ,  (J.1) 


where  Ax  is  the  constant  sampling  interval.  For  greatest 
efficiency,  M  is  chosen  to  be  an  integer  power  of  2.  The 
integral  for  H  is  approximated  at  the  points 

( J.2) 


k  =  (s  -  M/2)  Ak  ;  s=l,  2,  ...  M  , 
s 


where 


Ak  = 


2  7T 


M  AX 


( J  .  3  ) 


by 


H(k  ;Y)  = 

b 


AX 

2tt 


M 

I 

r=l 


H(X  ,Y)  e 
r 


-iXrKs 


s=l,  2, 


M 


(J.4) 


In  actual  calculation  using  the  Fast  Fourier  Transform  pro¬ 
cedure,  the  height  field  is  assumed  to  be  defined  on  the 
interval  from  X=0  to  (M-I)AX,  rather  than  X=(1-M/2)AX  to 
MAX/2  as  in  (J.1).  The  expression  (J.4)  can  be  cast  into 
the  required  form  by  introducing  the  new  summation  variable, 
t=r +M/2  for  r<M/2-1  and  t=r-M/2  for  r>M/2.  One  obtains 
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H(k  ;Y) 
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AX 

2ir 


M-l 
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t=0 
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-itAXKo 
e  s 


s— 1 ,  2 ,  . .  .  M 


( J  .  5  ) 


where 

**^Xt4M/2 ,Y^  »  t=0,  1,  ...  M/ 2  , 

Ht=- 

•  H(Xt-M/2,Y)  ;  t=M/2+1»  M/2+2,  ...  M-l  . 


( J  .  6  ) 


Performing  similar  operations  in  the  wave  number  domain, 
making  use  of  (J.3),  leads  to  the  expression 
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AX 

2tt 


M-l 
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t=0 
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e~27ritu/M 


u=0,  1, 


M-l 


( J  .  7  ) 


where 


H(k 


H  =  \ 
u 


u+M/2 


;Y)  ;  u=0,  1,  ...  M/2  , 


H(Ku-M/2;Y)  ;  u=M/2+1»  M/2+2,  ...  M-l  . 


( J  .  8  ) 


The  form  (J.7)  is  suitable  for  direct  application  of  com¬ 
puter  packages  for  Fast  Fourier  Transforms. 

A  consistent  approximation  for  the  inverse  transform, 
which  regenerates  the  height  field,  then  takes  the  form 


H(X  , Y)  =  Ak  [  H(k  ;Y)  elXrKs  ;  r=l,  2,  ...  M  .  (J.9) 

r  s=l  S 

Similarly,  the  two-dimensional  slice  pressure  field,  P2S , 
defined  in  (B.5),  is  estimated  to  be 

M 

P  (X  ,Y)  =  i  Ak  J  sign (k  )  H(k  ;Y)  e1  rKs  ;  r=l,  2,  ...  M  . 

2  S  r  _  -i  s  s 

s-1 

( J.  10) 


Manipulations  such  as  those  leading  to  (J.7)  are  used  in 
calculating  the  pressure  field  as  well. 
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Note  that  the  pressure  field  is  essentially  that  due  to 
a  periodic  train  of  hills  found  by  infinitely  extending  the 
height  values,  sampled  at  the  points  (J.1),  in  the  positive 
and  negative  X  directions.  This  periodicity  is  seen  in  the 
representation  of  the  height  field  (J.9).  In  the  calcu¬ 
lation  of  the  pressure  by  the  discrete  Fourier  transform 
technique,  one  must  ensure  that  the  periodically  repeating 
hills  are  widely  separated.  If  they  are  not,  then  the  wind¬ 
ward  high  associated  with  one  ridge  will  partially  cancel 
with  the  lee-side  low  of  the  next  upstream  ridge.  To  show 
this  effect,  a  test  was  done  for  the  Agnesi  terrain  shape, 

H= 1/(1 +X2 ) .  With  the  total  number  of  points  fixed  at  M=128, 
the  pressure,  P 2(X)=P2S (X,Y=0) ,  was  calculated  from  (J.10) 
using  AX=1/32,  1/16,  1/8,  1/4,  1/2,  and  1.  In  Fig.  48,  P2 
is  plotted  as  a  function  of  X,  for  the  various  AX  values  and 
for  the  exact  result,  P2 =-X/ ( 1 +X2 ) .  A  Fast  Fourier  Trans¬ 
form  program  from  IMSL,  Inc.  was  used  in  the  evaluation. 

The  Fourier  transform  method  provides  estimates  of  P2  only 
at  the  discrete  points,  but,  for  clarity,  a  smooth  curve  has 
been  drawn  through  the  points  for  the  AX<1/4  cases.  Values 
for  AX=1/2  are  indicated  with  circles,  while  the  diamonds 
correspond  to  AX= 1 . 

For  the  AX=1/32  case,  the  terrain  height  is  very  well 
resolved,  but,  the  separation  between  successive  ridges  in 
the  infinite  succession  is  only  4  units.  There  is  a  signif¬ 
icant  interference  between  the  ridges  which  reduces  the 
amplitude  of  the  pressure  perturbation.  As  AX  is  increased, 
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up  to  AX=1/2,  the  approximation  to  the  exact  pressure  field 
becomes  progressively  better  because  the  interference 
between  the  ridges  decreases.  However,  for  AX= 1 ,  the  ter¬ 
rain-height  field  is  sampled  so  coarsely  that  the  accuracy 
of  the  pressure  field  determination  begins  to  suffer. 
Appropriate  choices  of  M  and  AX  represent  a  compromise 
between  resolving  the  height  field  and  minimizing  the  effect 
of  periodicity  implicit  in  the  Fast  Fourier  Transform 
method . 

The  discrete  Fourier  transform  approach  can  be  extended 
to  the  evaluation  of  the  multiple  integrals  that  arise  in 
the  three-dimensional  flow  problem.  For  example,  to  cal- 

A 

culate  the  Fourier  transform  of  the  terrain  height,  H(k,X), 
defined  in  (B.3),  the  double  integral  can  be  written  as 

H(k;Y)  e“iAY  dY  .  ( J. 1  1  ) 

An  approximation  to  this  integral  can  be  determined  at  a 
discrete  number  of  points  in  exactly  the  same  manner  as  out- 
lined  in  this  appendix  for  H(/c;Y). 


H(k,X)  =- 


APPENDIX  K 


DRAG  PER  UNIT  CROSSWIND  LENGTH 

The  drag  per  unit  crosswind  length,  d  , for  two- 
dimensional  slice  flow  over  various  elliptical  barriers,  is 
presented  in  Table  8.  Most  of  the  results  can  be  obtained 

A/ 

by  substituting  H(/c;Y)  from  Table  2  into  (B.8)  and  using  the 
appropriate  tabulated  integral  from  GR.  The  case  of 
H=exp(-R)  is  slightly  more  involved.  Changing  the  integra¬ 
tion  variable  in  (B.8)  to  z  =  |  Y  |  (  1  +/c 2  and  using  relations 
between  K0  ,  K,  and  their  derivatives  (GR,  p.  970),  one 
finds  that  the  integrand  can  be  manipulated  into  the  form  of 
an  exact  derivative.  The  integration  is  then  easily  per¬ 
formed  to  give  the  result  in  the  table.  For  the  Bessel 

function  barrier,  K0(R),  the  change  of  variable 

u 

z=2 | Y | ( 1 +k 2 ) 2  allows  GR  (p.  925)  to  be  used  to  give  the 
expression  for  d2s  in  terms  of  the  exponential  integral 
function,  Ei.  For  the  final  two  entries  in  the  table,  the 
drag  per  unit  length  was  evaluated  only  at  Y=0. 

Analytical  progress  in  finding  the  drag  per  unit 
length,  d^ ,  for  three-dimensional  flow  over  elliptical  ter¬ 
rain  was  much  more  limited.  First  consider  the  terrain, 

H= ( 1 +R 2 )  y.  Substitute  for  H(k;Y)  and  H(k,X)=H(p)  in  (B.8) 
from  Tables  2  and  3  respectively,  and  use  elliptical  polar 
coordinates  (p,0)  defined  in  (B.2).  The  p  integral  can  be 
evaluated  in  the  special  case  of  Y=0  (GR,  p.  693)  to  give 
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Table  8.  Normalized  drag  per  unit  crosswind  length, 

d  (Y),  for  two-dimensional  slice  flow  over  an  elliptical 
2S 

barrier  with  height  H(R). 


H(R) 

d2S(Y) 

Reference 

(1+R2)“y 

{r(y+^)}2  1 

r(y)  r(y+l)  (-1+Y2)2y 

GR,  p.  693 

-R2 
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-2Y2 

e 

elementary 

(1-R2)V  0(1-R2) 

r(v)  r(v+^  (lWV  9(1-1*) 

{r(v+*s)} 

GR,  p.  693 

In 

i 

62+R2) 

1+RZ) 

n(<5z) 

4t r 

ln 

(62+Y2)^  +  (1+Y2)^ 

\ 

GR,  p.  328 

(ln(<52)  } 

4  (<52+Y2)^  (1+Y2)^ 

arccot 

R2+cos2a)) 

sin2co 

2to 

IT  , 

-  ln 

*  ln 

r 

1 

2 

* 

r 

1  H 

\ 

1 

Y2  +  cos2co 

{Y4+2Y2cos  2(0+1}^ 

sin2o) 

GR,  p.  491 

'  4^  ln( 

COSZC> 

,  wucic  Y2+cos2to 

-R 

e 

—  Y2 
ir 

V. 

{Ki 

2  2) 
y|  }  -  { Kq | Y |  } 

see  text 

VR) 

-  it  Ei  (-2  |  Y  |  ) 

see  text 

(1-R)  0 (1-R) 

4  ln2  at  Y-0. 

7T 

GR,  p.  449 

sech(R) 

4  1-n-  at  Y=0 . 
ir 

GR,  p.  353 
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d3(Y=0) 


T (2y+l)  T (y+1/2) 
r(2y+3/2)  r  (y) 


tt/2 

cos2(|)  F(3/2>y+l/2;2y+3/2;sin24)) 

'  (cos24>+Y2sin2<J>)^ 


d<J> 

(K.  1  ) 


(Here,  a  transformation  formula  for  hypergeometric  functions 
has  also  been  used  (GR,  p.  1043)).  In  special  cases,  the 
hypergeometric  function  can  be  expressed  in  terms  of  elemen¬ 
tary  functions.  For  example,  when  y=1/2,  the  relevant 
relation  is  (GR,  p.  1045  and  p.  1041) 


F(3/2,l;5/2 ;  sin2<j>) 


arctanh  (sin<fr) 
sin<{> 


1 

- 


( K .  2  ) 


A  closed-form  result  for  d3(Y=0)  was  not  obtained,  even  in 
the  y=1/2  case.  However,  expanding  the  hypergeometric 
series  in  sin20  and  interchanging  the  order  of  summation  and 
integration,  one  finds 


d3(Y=0) 


T(2y+1)  r  r (n+3/2)  r(n+y+l/2) 
r (3/2)  r(y)  r(n+2y+3/2)  n! 


Dln(Y) 


(K.3) 


where  D  are  elliptic  integrals  defined  by  (Q.7).  As  a 

check  on  this  expression,  consider  the  y=0  case.  Using 

D  ( y=0 ) = 1 / ( 2n+ 1 ) ,  from  (Q.8),  one  finds  that  the  summation 
In 

in  (K.3)  reduces  to  a  hypergeometric  function  with  unit 
argument.  Evaluating  this  series  (GR,  p.  1042),  it  can  be 
verified  that  the  result  expected  from  Table  8  is  recovered. 

For  Y*0,  the  drag  per  unit  length  was  obtained  for  the 
y-type  terrain  only  in  the  circular  hill  cases  with  y=1/2 
and  3/2.  Rather  than  using  (B.8),  the  easiest  way  to 


proceed  appears  to  be  to  calculate  d  directly  from  the 

3C 


' 
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pressure  field: 


d 


3C 


p3cCx-y)  a3c  dx  * 


( K .  4  ) 


Substituting  for  P  from  Table  5  in  Appendix  D,  (K.4)  can 
be  evaluated  using  standard  methods  for  algebraic  integrands 
if  u  is  half  an  odd  positive  integer.  The  specific  results 
obtained  are: 


d 


3C 


( K .  5  ) 


These  expressions  have  been  checked  by  integrating  with 
respect  to  Y  to  give  the  total  drag,  D^c=Gtt/A,  where  G  is 
defined  by  (10.5).  G  values  from  Table  9  in  Appendix  N  are 
found  to  be  consistent  with  (K.5). 

Next,  consider  the  exponential  terrain  shape, 
H=exp(-R2).  Only  the  drag  per  unit  length  at  Y=0  was  found. 
Substituting  from  Tables  2  and  3  into  (B.8)  and  performing 
the  integration  over  p  (GR,  p.  495),  one  finds 


d3(Y=0)  =  2 


( K  .  6  ) 


Making  the  substitution  cos 2  <p=cos 2  £/ (  1  +  s  i  n  2  £  )  gives 


d3(Y=0)  = 


(  K  .  7  ) 


Comparing  this  expression  to  the  definition  of  B0  in  (Q. 1 ) , 
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the  final  result  is  obtained: 

d3(Y=0)  =  Bo(y2!s)  , 


(K.8) 


The  terrain  shape  for  which  the  most  analytical 
progress  was  made  is  H= ( 1 -R2 )v 6 ( 1 -R2 ) .  Substituting  from 
Tables  2  and  3  into  (B.B)  gives 


d.  =  ZA^eCA2) 


tt/2 


(cos<fr)3/2  V  cos (pYsin<j>)  Jyfl(p)  Jnh-%(pAcos^ 


0  0 


(cos24>+*f ^in2^)^  p2v  ^ 


dpd<J> 


( K  .  9  ) 


where 


A2  =  1  -  Y2 


22\H-3/2  {r(v+1)}2 
TQi) 


(K. 10) 


In  the  ^  = 1 / 2  case,  after  evaluating  the  p  integral  using  GR 
(p.  749),  the  b  integral  reduces  to  an  elliptic  type 
considered  in  Appendix  Q.  The  explicit  result  is 

d3(Y)  =|  (l-Y2)  e(l-Y2)  B0(y)  .  (K.11) 

The  drag  per  unit  length  corresponding  to  the  v-3/2 
barrier  was  also  evaluated,  although  some  manipulation  was 
required  to  bring  (K.9)  into  a  form  allowing  the  use  of 
tabulated  integrals.  The  p  integral  for  this  case  is 


I 


,  on  Jr/o(p)  J0(pAcos<f>) 
cos(pg)  5/2  2 _ 

5/2 


dp 


0 


(K. 12) 


where  /?=Ysin0  and  A  is  as  in  (K.10).  I  can  be  found  by 
writing 
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I 


1(3=0)  + 


3 


31  HR 


(K. 13) 


I  ( /S=  0 )  is  given  by  GR  (p.  692)  and  31/3)5  can  be  determined 
from  GR  (p.  695)  by  noting  that  cos ipp)  can  be  expressed  in 
terms  of  J _^(p£).  Since  31/3)9  turns  out  to  be  a  simple 
linear  function  of  )5,  the  integral  in  (K.13)  is  easily 
evaluated.  The  resulting  drag  per  unit  length  is 


d3(Y)  =  If  (1_y2)  0^“y2) 


2 (1-3Y2)D1 _  -  (1-7Y2)D 


10 


20 


(K. 14) 


where  D  and  D2Q  are  elliptic  integrals  defined  in  (Q.10). 

For  the  case  of  general  v,  an  expression  analogous  to 
the  u~ type  terrain  result  (K.3)  can  be  derived  (GR,  pp.  692, 
1039)  for  the  Y=0  limit.  However,  this  was  not  employed  in 
calculat i ons . 

The  final  terrain  shape  for  which  the  drag  per  unit 
length  was  evaluated  is  H=exp(-R).  It  turns  out  that  the 
value  of  d^  at  Y=0  is  exactly  the  same  as  that  for  p=1/2, 
given  in  (K.3). 


f&fu*  , 


APPENDIX  L 


ANALYTICAL  RESULTS  FOR  SINUSOIDALLY  MODULATED  RIDGES 


If  H (k)  is  the  normalized  Fourier  transform  for  the 
terrain  H(X),  then  the  Fourier  transform  for  the  sinu¬ 
soidally  modulated  ridge,  H(X;A,B,fi)  =  (A+Bcos£2X)  H(X)  is 


H(k; A,B,ft)  =  A  H(k)  +  |- 


H(ic-ft)  +  H(k+D) 


(L.  1  ) 


This  result  follows  directly  from  the  definition  of  H(k) 
(=H(k;Y=0)  in  (B.3))  upon  writing  cos £2X  in  terms  of  expo- 
nent  ials.  Although  H  ( #c )  is  given  in  Table  2  in  Appendix  D  for 
a  variety  of  terrain  shapes,  only  the  Agnesi  case, 
H=1/(1+X2),  and  the  Gaussian  case,  H=exp(-X2),  are  treated 
here . 


For  the  Agnesi  barrier,  putting  u= 1  in  Table  2  gives 
H ( k ) =exp( - | k | ) /2  (GR,  p.  967).  After  substitution  into 
( L . 1 )  and  (B.5),  straightforward  but  lengthy  calculation 
gives  the  pressure  perturbation 

A+  B(e-Inl  .  (L 


P2(X;A,B,ft)  = 


X 


The  drag  per  unit  length,  d  ,  can  also  be  evaluated  in  terms 
of  elementary  functions,  by  integrating  the  pressure  times 
the  terrain  slope,  or  more  easily,  by  using  (L.1)  in  (9.1). 
The  result  is 


(1+| ft |+ft2) (A+Be  lfil}2+  | ft | { B2-(l+ | ft | )A2 } 


(L.3) 
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For  the  Gaussian  ridge,  substitution  of  H(/c)  from 
Table  2  into  (L.1)  gives 


H(ic;A,B,n) 


-k2/ 4 
e _ 

2  rCs) 


A  +  B  e  ^  ^cosh(y^) 


(L.4) 


The  pressure  field  was  not  evaluated  for  this  case,  but, 
from  (9.1)  the  drag  per  unit  length  was  found  to  be  (GR,  p. 
365) 


(A+Be  2A2)2 


+  TT^AB(2$(A)e  A  A 


*(2A)B) 


(L.5) 


where  A=  |  S7 1  /i/8  and  $  is  the  error  function  (GR,  p.  930).  In 
obtaining  this  result,  the  relation  2cosh 2 ( z ) = 1 +cosh ( 2z )  was 
used . 


APPENDIX  M 


ANALYTICAL  RESULTS  FOR  DOUBLE  RIDGES 


In  this  appendix,  the  drag  per  unit  length,  d2  ,  is 
calculated  for  a  barrier,  H(X),  formed  from  the  juxtaposi¬ 
tion  of  two  identical  ridges,  which  have  been  displaced  from 
the  origin  in  opposite  directions  by  an  amount  e.  From 
( B . 3 ) ,  the  terrain  height,  defined  by  (9.11),  has  Fourier 
transform,  H(k),  given  by 


H(k)  =  2  COSKE  b(<) 


(M.  1  ) 


where  h  ( #c )  is  the  Fourier  transform  for  a  single,  undis¬ 
placed  ridge,  h(X).  Substituting  (M. 1 )  into  (9.1),  using 
Fourier  transforms  from  Table  2  in  Appendix  D,  gives  d2 . 

When  interpreting  the  results  for  d2,  it  is  convenient  to 
compare  the  magnitude  of  e  to  X  ,  the  horizontal  distance 
from  the  ridge  top  to  the  position  of  the  maximum  pressure 
perturbation  for  a  single  ridge.  Therefore,  values  of 
are  given  in  the  following,  along  with  those  for  d2» 

The  first  of  four  ridge  shapes  considered  is  the  Agnesi 
barrier,  h=1/(1+X2),  for  which  case,  X  =1.  One  finds  from 

'  m 

GR  (p.  490)  that 


d 


2 


TT 

2 


1  + 


1-e2  } 

(l+ez) 1 J 


(M.2) 


Here,  as  in  the  following  case,  the  relation 

2cos2 ( Ke ) =cos ( 2k€  ) + 1 ,  has  been  used.  The  minimum  value  of 

d2  is  7 7r / 1  6^  1  .  374  ,  which  occurs  at  6=v/3fe1  .732. 
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For  the  logarithmic  barrier,  defined  in  (9.2)  or 
Table  2,  GR  (p.  493)  gives 


4ir 


(ln«i2)) 


In 


(¥)4 


1+6-  2 


<52  (e^+l)  (e2+62) 


(M .  3  ) 


Xm=6^  and  the  minimum  of  d2  occurs  at  e 2= ( 6 2+46+ 1 )/2 . 

For  the  arccot  barrier  (see  Table  2  or  (9.2)),  using  GR 
(p.  492)  gives 


d 


2 


In 


2 

(1-e2)  4-  4e2cos2u) 

2  | 

(e^cos2^)  cos4w 


(M .  4  ) 


Xm=1  and  the  minimum  drag  per  unit  length  occurs  at 
e  2  =  1  +2cos2o). 

The  final  terrain  shape  considered  in  this  section,  is 
the  triangular  barrier,  h  =  ( 1  — | X | )  0(1-|X|).  Substituting 
for  the  Fourier  transform  from  Table  2,  into  (M. 1 )  and  (9.1) 
gives 


d 


2 


(M.  5 ) 


Integration  by  parts,  to  reduce  the  power  of  k  in  the  denom¬ 
inator,  followed  by  reference  to  GR  (pp.  452-453),  leads  to 
the  result 


d2  -7 


4(l+2e2)ln2  +  6e2ln|e|  +  (1+e)  2ln  1 1+e  |  +  (l-e)2ln|l-e 

-  (l+2e) 2ln | l+2e |  -  (l-2e)2ln | l-2e 


(M.6) 


Numerical  analysis  indicates  that  the  minimum  value  of  d2  is 
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about  1.223,  occurring  at  e^.648.  The  maximum  pressure  for 
a  single  triangular  ridge  occurs  at  Xm= 1/V2-. 707 . 


APPENDIX  N 


TOTAL  DRAG 


The  integral,  G,  defined  by  (10.5),  appears  as  a  factor 

in  the  total  force  on  an  elliptical  barrier  in  three- 

dimensional  (10.4)  and  in  two-dimensional  slice  (10.9)  flow. 

G  has  been  evaluated  for  various  terrain  shapes,  with  the 

results  summarized  in  Table  9.  Since  G  is  equal  to  the 

total  drag  for  the  two-dimensional  slice  flow  over  an 

unrotated  barrier  (see  Appendix  0),  it  can  be  calculated  by 

integrating  the  drag  per  unit  length  in  Table  8,  d  (Y), 

2  S 

with  respect  to  Y.  For  many  of  the  examples,  this  approach 
proved  easier  than  using  the  expression  (10.5).  Except  for 
the  logarithmic  and  arccot  barriers,  the  integrals  for  G 
appear  directly  in  GR.  A  derivation  for  these  two  cases 
will  now  be  given. 

First  consider  the  logarithmic  terrain.  Substituting 

/s 

in  (10.5)  for  H(p)  from  Table  3,  one  has 


16  L 

G  =  (ln(«2))2 


(N.  1  ) 


where 


L  = 


(k^Cp)  -  fiK^p))  dp  . 


(N.2) 


0 


The  integral,  L,  can  be  evaluated  in  a  manner  similar  to 
that  employed  for  (K.12),  using  the  identity 


L(S)  =  L(6=l)  + 


3S« 


( N .  3  ) 
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Table  9.  Normalized  total  drag,  D  =  G,  for  two- 

25 

dimensional  slice  flow  over  an  elliptical  barrier  with 
height  H(R) . 


H(R) 

G 

Reference 

(1+R2)“y 

v(h)  r(2p-3s)  {r(y-f^)}2 

r  (2y )  r  (y )  r(y+l) 

GR,  p.  295 

ft) 

i 

po 

N> 

IT 

2 

V.  J 

GR,  p.  337 

(i-r2)v  e(i-R2) 

r (5s)  r(2v+i)  r(v)  r(v+i) 
r^+3/2>  { r  (v+»s)  }2 

GR,  p.  294 

lnf{2+R'l 

16U 

'  >  1 

E(k)  -  y(l+6)  ;  k= (l-62)^,  6<1 

4 

/ 

tt2 

see  text 

{ In (62)  } 

1  1+RZ 

«  5  6=1 

In  (<52) 

16tt 

6E(k)  -  |(1+S)  ;  k=(l-^,  6>1 

(ln(<$2)}  ' 

R2+cos2o) 

-5-  ^  cosoj  -  2E(k)  +  K(k)  ]  ;  k=sina) 

u  l2  J 

see  text 

arccot  *  ry 

sinzoo 

2o) 

-R 

e 

TT 

4 

GR,  p.  295 

K0(R) 

IT 

4 

GR,  p.  294 
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Note,  from  (N.2),  that  L(6=1)=0.  By  expressing  3K1(6p)/36 

in  terms  of  Kt  and  K0  (GR,  p.  970),  3L/36  can  be  written  as 

► 

p  (^Cp)  -  fiK^dp)}  K0(6p)  dp  .  ( N  .  4  ) 

0 

Integrals  of  this  form  are  tabulated  in  GR  (p.  693),  giving 


H  -  (6F(3/2,l/2;2;l-62)  -  l) 

-  2|j-(F(l/2,-l/2;l/l-«2))  -  lj  . 


(N.5) 


Using  (N.5)  in  (N.3)  then  gives 

2 

L(6)  =  --  (2 F(l/2,-l/2;l; 1-62)  -  1  -  62)  .  (N.6) 

Expressing  the  hypergeometric  function  in  terms  of  a  com¬ 
plete  elliptic  integral  (GR,  pp.  905,  1043)  leads  to  the 
expression  shown  in  Table  9.  An  alternate  derivation,  based 
on  integration  by  parts  in  an  integral  of  d2s  with  respect 
to  Y,  was  used  to  check  the  result. 

This  latter  type  of  derivation  was  used  to  generate  the 
result  for  the  arccot  barrier.  From  Table  8, 


G  = 


d2SCO  dY  =  - 


TT 


2u7 


In 


1  + 


Y^+cc^u) 


dY 


( N  .  7  ) 


where 


A  =  (Y4  +  2Y2cos2co  +  l)‘ 


(N.8) 


Integration  by  parts  gives 


■ 
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TT 

CO 

f  o 

Y2 

,  Y2+cos2w 

CO2 

A 

1  '  A 

0 


dY 


(N .  9 ) 


The  two  terms  in  (N.9)  are  separately  infinite.  However, 
subtracting  1  and  integrating  by  parts  in  the  first  term, 
and  adding  1  to  the  second  term,  eliminates  the  singular¬ 
ities  : 


0 

The  term  in  (N.10)  involving  1/A2  can  be  evaluated  by  con¬ 
tour  integration  or  partial  fraction  methods.  This  gives 


1+Y2cos2u) 


(N.10) 


G  = 


TT 


, 

—  COSOJ  + 


cos2w 


Y  |y(x)  dY  +  sin22“ 


dY 


(N. 1 1 ) 


0 


where  the  integral  involving  1/A3  in  (N.10)  has  been  split 
into  two  more  terms.  Finally,  integration  by  parts  in  the 
first  integral  in  (N.11)  reduces  it  to  a  form  found  in  GR 
(p.  260).  Simplification  then  gives  the  result  shown  in 
Table  9. 

The  result  has  been  checked  by  a  different  integration 
procedure,  started  by  using  £,  defined  in  Table  8,  as  the 
integration  variable.  Straightforward  manipulation  then 
gives  G  in  terms  of  an  elliptic  integral  of  the  third  kind 
with  complex  parameter.  However,  considerable  algebra  is 
required  to  simplify  the  answer  to  the  form  given  in 


Table  9. 


APPENDIX  0 


FORCE  ON  THE  BARRIER  IN  TWO-DIMENSIONAL  SLICE  FLOW 


In  this  appendix,  the  expression  (10.9)  is  derived  for 
the  normalized  force,  (D2s'T2S^'  on  a  rotatec^  elliptical 
barrier  in  two-dimensional  slice  flow.  The  height  field, 
h(x,y;^),  for  a  barrier  which  has  been  rotated  counterclock¬ 
wise  through  an  angle  from  the  barrier  h(x,y)=h(x,y;^=0) 
is 

h(x,y;4>)  =  h (x " , y ' )  ,  .  . 


where  x'  and  y'  are  defined  in  (5.16).  For  an  elliptical 
barrier,  h  depends  only  on  R2  =  x2/a2+y2/b2 ,  so  that  h(x',y') 
is  a  function  of 

2  2 

R'2  =  x'2/ a2  +  y'2/b2  =  (xA  +  ^-(1-y2) cos^siru^)  /a2  +  (^}  /b2  ,  (0.2) 


where 


A  =  (cos24'+y2sin2i|>)^  ;  y  =  a/b 


(0.3) 


as  is  shown  by  regrouping  the  terms  in  (0.2).  The  relations 
expressed  in  (0.2)  imply  that 


h(x',yO  =  h(xA  +  ^(l-y2)cos^sim|;  ,  . 


(0.4) 


This  equation  can  be  used  to  derive  a  formula  for  the  Fou¬ 
rier  transform,  h(k;y;^)»  of  the  rotated  terrain  in  terms  of 
that  for  the  unrotated  case.  The  definition  of  h(k;y;i//)  is 


h(k;y;^) 


1_ 

2tt 


h(x,y;^) 


-ikx 

e 


dx 


(0.5) 
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Substituting  for  h(x,y;^)  from  (0.1)  and  (0.4),  and  changing 
the  integration  variable  to  the  first  argument  of  h  on  the 
right  side  of  (0.4),  one  obtains 


h(k;y;^) 


^•(l-Y2)cosi|>siruJ/) 

dt 


=  I  e 


i-^r(l-Y2)cosi/>siniJ>  ^ 


h(vi;*=°) 


(0.6) 


Using  (0.6)  in  (8.6),  dividing  by  the  appropriate  dimen- 
sional  factor  from  (B.8),  and  noting  that  h  is  real  for 
unrotated  elliptical  terrain,  one  obtains  the  normalized 
components  of  the  force  per  unit  length  for  the  rotated  bar¬ 
rier: 


d2s(Y;*)  =  d2s(};*=0)  , 

t2s<™>  -  d2s(f;^0) 


(0.7) 


Integrating  this  expression  with  respect  to  Y,  making  a 
change  of  variable  to  Y/A,  gives  the  total  force  components: 


D2S(4°  =  A  D2S(*=0)  * 

i2s(*)  -  d2s«=o) 


(0.8) 


To  complete  the  derivation  of  (10.9),  it  remains  to  be 
shown  that  D 2S ( ^  =  0 ) =G ,  the  integral  defined  by  (10.5). 


Consider 
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D2s(*=0)  =  2tt 


_1 

2tt 


w  w 

|  | < |  |H(k;Y)|2  d<  dY 


(0.9) 


00  00  CO  00 


*  f  ^ 

| k |  H (X , Y )  H(X" ,Y)  e1,c(X""X)  dX  dX"dic  dY 

J  J  4 


Using  the  identity 


H(X",Y)  = 


H(X",Y")  6(Y-Y")  dY"  , 


where 


6 (Y-Y" )  = 


2tt 


eiX (Y"-Y)  dx 


(0.10) 


(0.11) 


is  a  representation  of  the  Dirac  delta  function  (Byron  and 
Fuller,  1969,  pp.  224  and  248),  (0.9)  becomes 


d2s(^0)  = 


(0.12) 


00  00 


1 

At t2 


,  ,  ,  x  ,  ^  i(KX"+XY")-i(<X+XY)  ,Y.V  jy/jy' 

|  k  |  H(X,Y)  H(X  ,Y  )  e  dXdY  dX  dY  dtcdA. 


— OO  —CO 


For  elliptical  terrain,  using  the  relation  (GR,  pp.  213  and 
402  ) 


2tt 


■  ei(Acose+Bsin£)  d5  =  27f  j  ((A2+B2)>*)  , 


(0.13) 


0 


after  introducing  polar  coordinates,  (0.1)  and  (0.2),  one 
finds  that 


2ir 


OO  00  OO 


d2s(^=°)  =  j  |cos<|)|  d<J)  j  j  p2  R  R"  Jq (pR)  Jo(pR")  dR  dR"  dp  . 


0 


0  0  0 


(0. 14) 


Evaluating  the  <p  integral  in  (0.14)  to  give  a  factor  of  4 
and  using  (B.4)  for  the  R  and  R'  integrals  gives  the  final 
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result : 


D2s^=°)  =  16lr2  I  P2 


•j 

I 


H(p) 


dp 


Substituting  (0.15)  into  (0.8)  verifies  (10.9). 


(0.15) 


APPENDIX  P 


INTEGRALS  ARISING  FROM  TERRAIN  SMOOTHING 

P . 1  Differential  smoothing 

In  this  appendix,  integrals  arising  in  the  calculation 
of  the  drag  per  unit  length  for  smoothed  barriers  are 
evaluated . 

If  a  differential  smoothing  operator  is  applied  to  an 
infinitely-extended  ridge,  the  integrals  to  be  evaluated  are 
5  (n=0,l,...),  defined  by  (11.13).  Results  are  summarized 

for  several  terrain  shapes  in  Table  10,  using  terrain-height 
Fourier  transforms  from  Table  2  and  the  appropriate  refer¬ 
ence  to  GR.  Similarly,  Table  11  shows  the  results  for  the 

integrals,  S  ,  defined  by  (11.16),  which  appear  in  expres- 
n 

sions  for  the  total  force  on  a  smoothed  isolated  hill. 

Values  for  s  and  S  ,  for  n>0,  can  be  found  conveniently  by 
n  n 

using  the  relation  F ( z+ 1  )  =zT ( z ) ,  starting  with  s0=S0=1. 

Note  that  the  integrals  are  defined  for  the  y-type  terrain 
only  for  n<v  because  of  discontinuities  in  derivatives  of 
the  height  field  of  sufficiently  high  order. 
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Table  10.  Terrain  smoothing  integrals, 
s  ( n  =  0 ,  1  ,  2  ,  .  .  .  )  ,  defined  by  (11.13),  for  several  terrain 
shapes ,  H(X) . 


H(X) 

s 

n 

Reference 

f,  + 

l1  +  ^J 

U  ] 

nr/nllN  2 y  r (2y+n)  fr(y+n+^)'| 

U  }  r  (2y+2n+l)  [  r  (y-Us)  J 

GR,  p.  693 

-X2/a2 

e 

(2  )n 

~^Z  r(n+l) 

y 

GR,  p.  337 

r  V 

1  -  \  9  (a2-X2) 

- 

[4  > 

2 

n  2v  r  (2v-2n)  r(v-Mg) 

U  r(2v-n+l)  [r(v-n4^)J 

GR,  p.  692 

Table  11.  Terrain  smoothing  integrals, 

S  (n=0, 1 , 2, . . . ) ,  defined  by  (11.16),  for  several  terrain 
n 

shapes,  H ( R ) .  See  Table  10  for  references. 


H(R) 

S 

n 

i  +  \ 
a 

y 

f4  )n  T (n+3/2)  r(2y+l)  r(2y+n-%) 

r (y+n+^) 

2 

[a2J  r  (3/2)  r(2y+2n+l)  r(2y-*s) 

r(y-Ms) 

-R2/a2 

e 

'2  )n  r (n+3/2) 

KJ  r(3/2) 

1  -  — j  9 (a2-R2) 

/ 

k 

4  )n  r ( n+3 / 2 )  r (2v-2n)  r(2v+3/2) 

(  r(v+*s) 

2 

y 

a2J  r(3/2)  T(2v)  T(2v-n+3/2) 

r (v-n+%) 
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P. 2  Truncated  spectral  series 


In  the  section  on  terrain  smoothing  by  spectral  trunca¬ 
tion,  the  expansion  coefficients,  h  ,  in  the  series  for  the 

n 

terrain  height  are  given  by  (11.23).  Here,  h 

n 

( n=0  ,  1 , 2 ,  .  .  .  )  ,  are  evaluated  for  the  terrain  shapes 

H= 1/(1 +X2 )  and  H=(A+BcosftX)  exp(-X2). 

Because  H  is  an  even  function  of  X  for  these  examples, 

the  coefficients  with  odd  index  are  zero:  h«  ,,=0 

2m+l 

(m=0 , 1 , 2 , .  .  .  )  .  To  determine  the  even  coefficients,  substi¬ 
tute  a  power  series  expansion  for  the  Hermite  polynomials 
(GR,  p.  1033)  into  (11.23).  After  simplification  one 
obtains 


2m 


- - -  I 

(-4)m  e  T(h)  j-o 


Aj  ^ 


r(2j+i)  r  (m-j+i) 


(p.  i ) 


where  p  is  the  parameter  appearing  in  the  exponential  in  the 
series  (11.21)  and  A^  is  defined  by 


Aj(C) 


H (X)  X2j  e_CX2  dX 

« 

0 


(P.2) 


Now  consider  H=1/(1+X2).  For  this  case  (P.2)  can  be 
evaluated  in  terms  of  a  degenerate  hypergeometric  function 
(GR,  p.  1058).  However,  for  the  present  purposes  it  is 
sufficient  to  note  that 
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Aj+l(c) 


li 

"  ~V?)  +  I 

0 


2 j  -CX2 


dX 


_A  (r)  +  LUM 
j  2^  ’ 


(P.3) 


where  the  last  integral  follows  from  GR  (p.  337).  This 
recursion  relation  can  be  used  to  generate  A^  for  j>0, 
starting  with  (GR,  pp.  941-942) 

*j(0  ■  J  eC  t1  -  *<A)  '  (P-4) 

where  $  is  the  error  function.  A  recursion  relation  for  h„ 

2m 

can  also  be  developed  by  iterating  the  formula 

Hn+1(z)  =  2z  Hn(z)  -  2n  H^Cz)  ,  (P.5) 


from  GR  (p.  1033),  to  give 


Hn+2C*) 


Hn+4<X)  +  (4n+lCH-4/e2)Hn+2(x)  +  4 (n+1)  (n+2)H (X) 

4  (x^i/e2) 


(P.6) 


where  X=X/0.  Substitution  of  this  relation  into  (11.23) 
gives 


4(2m+4)(2nri-3)h  +(8nH-10+4/g2)h  +h  ■=  - ~r - 

2nH-4  2mf2  2m  g24">r(m+2) 

From  (P. 1 )— (P.4) ,  one  finds 

h0  =  J  rft)  ec  ;  c  -  , 


(P.7) 


(P.8) 


With  the  starting  values  provided  by  (P.8),  the  recursion 
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formula  (P.7)  can  be  used  to  find  higher-order  coefficients. 

Next  consider  the  modified  Gaussian  case, 

H= (A+Bcos&X)  exp(-X2).  Although  A  ^  in  (P.2)  can  be 
evaluated  explicitly  in  this  case  (GR,  pp.  337,496),  it 
turns  out  that  this  is  unnecessary  because  h^  can  be 
obtained  directly  from  (11.23)  using  GR  (pp.  837,840).  The 
result  is 


h2m  =  n 


r  o  > 

n2-l 

m 

* 

A 

4  1 
✓ 

r(m+l) 

< 

m 


B  (-1) 

r(2nrfl) 


-tV4) 


H 


2m 


eon 


(P.9) 


where  v= ( fi2  +  •  In  the  special  case  of  0=1/V2,  (P.9) 

simplifies  to 


A  60m  +  r(2m+l) 


-n2/8 

e 


(P.10) 


where  6.  = 1  or  0  according  to  whether  m=0  or  m*0,  respec- 
Om 

t i vely . 


APPENDIX  Q 


ELLIPTIC  INTEGRALS 


Expressions  are  given  in  this  appendix  for  certain 
integrals  which  have  appeared  repeatedly  in  this  study  of 
airflow  over  elliptical  mountains.  These  quantities  are 
expressible  in  terms  of  complete  elliptic  integrals,  K  and 
E,  of  the  first  and  second  kinds,  respectively. 

Define  Bn  and  Cn  ( n=0 , 1 , 2 , . . . )  by 


tt/2 


Bn(Y)  - 


COS 


2,  .2n-l  2n+l  rl-y 

4>  A  d<{>  =  Y  Cn(-j  , 


0 


it/ 2 


Cn(y)  =  Y2 


o  2n— 1  2n+l  r 1 > 

sin2<|>  A  d4>  =  Y  Bni~J 


0 


(Q.  1  ) 


where 


h 

A  =  (cos2<}>+Y2sin2<f>) 


(Q .  2  ) 


Integrals  of  the  preceding  forms  are  tabulated  in  GR 

(pp.  158-162)  for  some  small  values  of  n.  For  example,  for 

y < 1 ,  with  K=K ( k )  and  E=E(k),  where  k2=l-y2 


and 


b0(y)  =  ^ 


c0Cy)  - 


Y2(K-E) 


( Q .  3  ) 
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My)  -  > 

1  3k  _  (Q . 4 ) 

_  Y2fY2K+(2k2-l)E) 

3k2 

The  results  for  y>1  can  be  obtained  by  replacing  y  by  1/y  in 
(Q.3)  and  using  the  relations  between  and  given  in 
(Q. 1 ) . 

These  formulae  are  not  suitable  for  numerical  evalua¬ 
tion  if  y  is  near  1.  However,  expressions  for  Bn  and  Cn  in 
terms  of  hypergeometric  functions  resolve  this  difficulty. 
Making  the  change  of  variable,  t=sin20,  in  (Q.1)  and 
comparing  to  an  integral  representation  of  the  hypergeomet¬ 
ric  function  in  GR  (p.  1040),  one  obtains 


Bn(y)  -  f  F(l/2-n,l/2;2;l-Y2)  , 

C  (y)  =  f  Y2  F(l/2-n,3/2;2;l-Y2) 

n  4 


(Q.5) 


Putting  y  =  1  in  (Q.5)  gives  Bn(  1  )  =C  (  1  )  =tt/4  ,  while  at  y  =  0  one 
finds  (GR,  p.  1042)  B n( 0 ) =r ( 3/2 ) T ( n+ 1 ) /T ( n+3/2 )  and  Cn(0)=0. 

In  addition  to  being  useful  near  y=1,  the  hypergeomet¬ 
ric  function  representation  of  Bn  and  Cn  allows  recursion 
relations  to  be  easily  developed.  From  GR  (p.  1044)  one 

obtains 


2 (n+(n-l)y2)Bn_1  -  y2(2n-3)Bn_2 
2n+l 

2 (n-l+ny2)Cn_^  -  y2(2n-3)Cn_2 
2n+l 


y 


(Q .  6 ) 


Given  the  n=0  and  1  results  from  (Q.3)  and  (Q.4), 


one  can 
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determine  the  integrals  for  n£2  from  (Q.6). 

Another  type  of  integral  that  has  appeared  in  this 
thesis  is  defined  by 


D 

mn 


(Y> 


*/2  2m  .  2n 
cos  sin  4> 


d<t> 


(Q.  7  ) 


where  A  is  given  in  (Q.2).  Making  the  change  of  variable, 
t=sin2b,  gives  (GR,  p.  1040  or  p.  386) 


DmnW  =  • 


( Q .  8  ) 


A  special  case  of  interest  for  the  current  work  is  m= 1 . 
From  GR  (pp.  1044-1045)  one  can  derive 

D  -  2(2"-1-Cn-1)T2)D1  n_1  -  (2n-3)D1  n_2  (C9) 

In  (2n+l)  (1-y2)  * 

This  formula  applies  for  n£2.  However,  because  of  the  1-y2 

factor  in  the  denominator  in  (Q.9),  this  recursion  relation 

is  not  as  useful  as  (Q.6)  for  numerical  evaluation. 

Some  low  order  D  integrals  are  given  by 

mn 


D 


10 


» 


0  1 
l-yz  ’ 

vi!!o 

l-Y2 


> 


(Q. 10) 


To  express  these  results  in  terms  of  complete  elliptic 
integrals  one  can  use  (Q.3)  and  (Q.4). 


